First Order Differential Equations

Seperable Equations A differential equation is called seperable if it is of the form

a(y)y°= f(x)

An equation is seperable if we can isolate all y terms on one side of the equation and all x terms on the
other side. Equations of this type can be solved by integrating each side of the equation with respect to
the appropriate variable.

Examples

. y0=yx

y o .
This equation is seperable, as can be seen after dividing by y. This gives v . Integrating both
sides gives Iny = x + C == y = e**¢ = Ce*. When we divided by y, we tacitly assumed that y 6= 0.
We must therefore check if y = 0 solves the differential equation. The soltuions are then y = 0 and

y = CeX.

. 2xy?=x%°=0
2 _y
We can rearrange this equation to give =* = v*. This is seperable, and the solution is revealed by
-1 e § Lo a?
integrating. «* +0= v 7 YT i,

First Order Linear Equations These differential equations take the general form

y°+ p(x)y = q(x)

where p(x) and g(x) are functions of x only. The following are examples of linear equations.

1.
2.
3.

Y+ aty =0

y' + cos(x) y = a?

xT

Y+ =

The following equations would not qualify as linear.

1.
2.

3.

(y")? —sin(z) y =0

2r

! x2
v+
yl + e.z:y — yQ
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To solve these equations, we use the integrating factor p = eR P® ¥ With this integrating factor, the

solution can then be written as ¥ =  J # 4(#) dz
Examples
! 1 xr2
1.y +r=2¢
In this case,”(¥) = 7 and 1t = ¢/ * © = é"* = 2 Using our above equation for y gives the
solution¥ = f f2 Cdr = (f’f“ + C)

2. Y%+ y cosx = cosx

In this case, p(x) = cosx and p = e_R cosx dx = gsinX Again, applying the solution equation gives
:U —_ ﬁhiln_-,; f(,()s T (j:-illl.'II U‘,L — C—Slll.’!ﬁ(cslll:ﬁ _"_ C) — 1 _"_ OG—S]I] I

Exact Equations An equation of the form
Mdx+Ndy=0

with M and N functions of x and v, is said to be exact if ¥, = N, .

To solve an exact equation, we follow these steps:

1. Our solution will be F(x,y) = W(y) + RM dx = C, where W(y) is a function entirely of y to be found
later.

2. Calculate the integral R M dx.

3. Take the derivative of F(x,y) with respect to y. Set this equal to N and solve for Y°(y).

\I’I(‘y) _ N — dfd\;: d.r.

4. Find Y(y) by integrating W°(y) with respect to y. W(y) = RWo(y) dy.
5. Plug W¥(y) into F(x,y) to obtain the solution.

Examples

1. 2xy dx + (x2+ 2y) dy =0
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Here M = 2xy and N = x?+ 2y. We see the equation is exact since 2, = 2x = 4, .
y). U(y) = N — ANay)
F(x,y) = R2xy dx + W(y) = x?y + W(y). Now we solve for W(7/" : dy

(x2+ 2y) = x2== WYo(y) = 2y. Integrating we see that W(y) = y2. Our solution is then x?y + y?=c.
2. (2xy = 9x¥) dx+ 2y +x*+1)dy =0
Here M = 2xy - 9x?and N = 2y + x?+ 1. We see the equation is exact since 24, =
2r = (3)—‘; F(z,y) = j 2ry — 922 do + U(y) = 2%y — 32° + \If(y)_ Next, solve for W(y).
U'(y) = N— Azty—3a%) _ (2y+a2*+1) —2?

dy

- 2y+1_ Integrate this to see that W(y) = y? +y.
The solution is then F(x,y) = x?y = 3x3+ y?+y = C.

Making Equations Exact Ocassionally, one will encounter an equation of the form
Mdx+Ndy=0

that does not meet the criterion for exactness. In certain situations, we can find an appropriate

integrating factor which will transform this into an exact equation.

aM anN

])(CE) _ dy v dx

Case 1 Integrating factors of x only: If the quantity is a function with no occurances

of y, then p = eRP® ¥js an integrating factor for the differential equation.

ON _ oM
Oz Ay
(y) — 9r %y

)
Case 2 Integrating factors of y only: If the quantityg M is a function with no occurances

of x, then p = eRPY ¥ s an integrating factor for the differential equation.

When the integrating factor py exists, one may multiply the differential equation by u to created an

exact equation.

Examples

1. (y?(x®*+ 1) + xy)dx + (2xy + 1) dy =0

IM — 2y(2® 4+ 1)+ oN

dy “,and 9z — 21”. As we can see, this equation is not exact. We will search
OM AN
dy dx _ 2y(x?4+1)+a—2y _ Qyx+x -
for an integrating factor. N Zyz+l Zyz+l . This a function entirely of x so

Jade _ 2 . .
thattt = ¢/ * ™ = € will be an integrating factor.

2 2 2 2
Multiply the initial equation by p to give (GJ? Y (2* +1) e xy) de+ (2e> xy+en ) dy = 0.
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Now dy
the methods previously discussed.

:A':l2 4-2 1_2 oy
=2%eTy+2yeT +rez =X o |
y+ ey + dz s0 that the equation is now exact and can be solved via

o (z%y + 2y sinx) da + (32° — 6y cosa) dy =0

The equation is not exact since o +dysin ¥ and 9z~ 207+ Gy sin Ny attempt to
AN _ 2 . , K ,
f—(;—:f B 222 + 6ysinz — 2% — 4y sinx B 22 + 2ysinz 1

find an integrating factor. M Ty + 2y sinz r?y + 2y*sinx Y,

This is a function entirely of y so the equation has an integrating factor of the form e?¥2% = elny =
y.

2,2 1 9,3 2 3 2 _
Multiply the initial equation by y to give (* ¥~ T2 sinz) dr + (32°y — 6y* cosx) dy = 0.

Now 24, = 2x?y+6y? sinx = %%, . As we can see, this equation is now exact and can be solved
accordingly.
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