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Preface

This Manual contains the solutions to selected exercises in the book Real
Analysis and Foundations by Steven G. Krantz, hereinafter referred to as
“the text.”

The problems solved here have been chosen with the intent of covering the
most significant ones, the ones that might require techniques not explicitly
presented in the text, or the ones that are not easily found elsewhere.

The solutions are usually presented in detail, following the pattern in
the text. Where appropriate, only a sketch of a solution may be presented.
Our goal is to illustrate the underlying ideas in order to help the student to
develop his or her own mathematical intuition.

Notation and references as well as the results used to solve the problems
are taken directly from the text.

Steven G. Krantz
St. Louis, Missouri






Chapter 1

Number Systems

1.1 The Real Numbers

1. The set (0, 1] contains its least upper bound 1 but not its greatest lower
bound 0. The set [0, 1) contains its greatest lower bound 0 but not its
least upper bound 1.

3. We know that a > a for every element a € A. Thus —a < —a for
every element a € A hence —a < b for every b € B. If i/ > —a is a
lower bound for B then —0' < « is an upper bound for A, and that is
impossible. Hence —« is the greatest lower bound for B.

Likewise, suppose that ( is a greatest lower bound for A. Define
B ={-a:a € A}. We know that § < a for every element a € A.
Thus —3 > —a for every element a € A hence —3 > b for every b € B.
If ¥ < —f is an upper bound for B then — > 3 is a lower bound for
A, and that is impossible. Hence —( is the least upper bound for B.

5. We shall treat the least upper bound. Let « be the least upper bound
for the set S. Suppose that ' is another least upper bound. It o/ > «
then o cannot be the least upper bound. If ¢ < « then « cannot be
the least upper bound. So o/ must equal a.

7. Let x and y be real numbers. We know that

(x+y)* =2+ 2oy + v < | + 2|y + [y[*.

1
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Taking square roots of both sides yields

|z +y| < |z|+ Jyl.

We treat commutativity. According to the definition in the text, we
add two cuts C and D by

C+D={c+d:ceC,deD}.
But this equals
{d+c:ceC,de D}
and that equals D + C.

Consider the set of all numbers of the form

J
k2
for j, k relatively prime natural numbers and j < k. Then certainly

each of these numbers lies between 0 and 1 and each is irrational.
Furthermore, there are countably many of them.

Notice that if n — kXA = m — ¢\ then (n—m) = (k—{¢)A. It would follow
that A is rational unless n = m and k = ¢. So the numbers n — kX are
all distinct.

Now let € > 0 and choose an positive integer N so large that
A/N < e. Consider ¢(1), ¢(2), ..., ¢(N). These numbers are all
distinct, and lie in the interval [0, A]. So two of them are distance not
more than A\/N < € apart. Thus |(n; — k1A) — (n2 — k2A)| < € or
|(n1 —na) — (k1 — ko) A| < €. Let us abbreviate this as |m — pA| < e.

It follows then that the numbers
(m —pA), (2m — 2pA), (3m — 3pA), . ..

are less than e apart and fill up the interval [0, A]. That is the definition
of density.
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1.2 The Complex Numbers

1. We calculate that

z 2z |z

PR
2> 22 2P

So Z/|z|? is the multiplicative inverse of z.

3. Write
1414 =+2em%,

We seek a complex number z = re? such that
2’3 — 7,3631'9 — (T6i9)3 — \/§€iﬂ—/4 ]
It follows that r = 2'/6 and # = 7/12. So we have found the cube root

¢ = 21/6¢im/12

Now we may repeat this process with v/2e?™* replaced by v/2e?7/4.

We find the second cube root

Cy = 91/6,i0m/12

Repeating the process a third time with v/2e™/4 replaced by v/2e/77/4,
we find the third cube root

s = 91/6,ilTm/12

5. We see that
dlx+2") = (x +2') +1i0 = (2 4 0) + (2" 4+ i0) = ¢(z) + ¢(z').
Also

dlx-a') = (z-2')+i0 = (z +10) - (2" 4+ i0) = ¢(z) - Pp(2).
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Let
p(z) = ao + a1z + asz? + - + apz®

be a polynomial with real coefficients a;. If v is a root of this polynomial
then
p(a) = ag + aja + aa® + -+ apa® = 0.

Conjugating this equation gives
pla) = ag+ @+ axd® + - + apa* = 0.

Hence @ is a root of the polynomial p. We see then that roots of p
occur in conjugate pairs.

The function ¢(z) = x + 10 from R to C is one-to-one. Therefore
card(R) < card(C).

Since the reals are uncountable, we may conclude that the complex
numbers are uncountable.

The defining condition measures the sum of the distance of z to 1+ 0
plus the distance of z to —1 4 0. If z is not on the z-axis then |z —
1| + |z 4+ 1] > 2 (by the triangle inequality). If z is on the z axis but
less than —1 or greater than 1 then |z — 1| + |z + 1| > 2. So the only 2
that satisfy |z — 1| + |z + 1| > 2 are those elements of the z-axis that
are between —1 and 1 inclusive.

The set of all complex numbers with rational real part contains the set
of all complex numbers of the form 0+ yi, where y is any real number.
This latter set is plainly uncountable, so the set of complex number
with rational real part is also uncountable.

The set S = {z € C : |z| = 1} can be identified with T = {e¢? : 0 <
0 < 2r}. The set T can be identified with the interval [0, 27), and that
interval is certainly an uncountable set. Hence S is uncountable.

Let p be a polynomial of degree £ > 1 and let a; be a root of p. So
p(a) = 0. Now let us think about dividing p(z) by (z — ;). By the
Euclidean algorithm,

p(z) = (z = 1) - qa(2) +711(2) . (%)
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Here ¢; is the “quotient” and r; is the “remainder.” The quotient
will have degree kK — 1 and the remainder will have degree less than
the degree of z — ;. In other words, the remainder will have degree
0—which means that it is constant. Plug the value z = «; into the
equation (x). We obtain

0=0 + 7.

Hence the remainder, the constant rq, is 0.

If £ = 1 then the process stops here. If k£ > 1 then ¢; has degree
k—1>1 and we may apply the Fundamental Theorem of Algebra to
¢1 to find a root ay. Repeating the argument above, we divide (z — a)
into ¢; using the Euclidean algorithm. We find that it divides in evenly,
producing a new quotient ¢s.

This process can be repeated k — 2 more times to produce a total of
k roots of the polynomial p.






Chapter 2

Sequences

2.1 Convergence of Sequences

1. The answer is no. We can even construct a sequence with arbitrarily
long repetitive strings that has subsequences converging to any real
number «. Indeed, order Q into a sequence {q,}. Consider the follow-
ing sequence

{q1> 42,492,941, 41,41, 92,92,492, 92, 43, 93,43, 43,493,491,491, 491,491, 41,91, " - * } :

In this way we have repeated each rational number infinitely many
times, and with arbitrarily long strings. From the above sequence we
can find subsequences that converge to any real number.

5. We know that

0
As we know from calculus (and shall learn in greater detail in Chapter
7 of the present text), the integral on the left can be approximated by
its Riemann sums. So we obtain

k
Z f(sj)Ax; ~ %

J=0

Here f(t) = 1/(1 + t?). Since the sum on the left can be written out
explicitly, this gives a means of calculating 7 to any desired degree of
accuracy.
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7. Let ¢ > 0. Choose an integer J so large that ;7 > J implies that
la; — a| < e. Also choose an integer K so large that j > K implies that
lc; —a] < e. Let M = max{J, K}. Then, for j > M, we see that

a—e<a;j<bj<c¢ <a+te.

In other words,
b —al <e.

But this says that lim;_.., b; = .

9. The sequence

1
aj=m+-, 7=12,...
J

is decreasing and certainly converges to 7.

11. If the assertion were not true then the sequence {a;} does not converge.
So, for any € > 0 there exist arbitarily large j so that |a; — a| > e.
Thus we may choose j; < jo < --- so that |a;, — «| > e. This says
that the subsequence {a;, } does not converge to a. Nor does it have a
subsequence that converges to «. That is a contradiction.

2.2 Subsequences

1. Let a; > as > --- be a decreasing sequence that is bounded below by
some number M. Of course the sequence is bounded above by a;. So
the sequence is bounded. By the Bolzano-Weierstrass theorem, there
is a subsequence {a;, } that converges to a limit a.

Let € > 0. Choose K > 0 so that, when k > K, |a;, — | < e. Then,
when j > jg,
a—e<a; <aj, <ate.
Thus
la; —al < a.

So the sequence converges to a.

3. Suppose that {ay has a subsequence diverging to +oco. If in fact {a;}
converges to some finite real number «, then every subsequence con-
verges to o. But that is a contradiction.
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y=1/x

Figure 2.1: Sum of shaded regionsis 1 +1/2+---1/j —log .

5. Consider Figure 2.1.

The sum of the areas of the four shaded regions is
1+ ! + L + L log j
—+-4+-—-1lo
2 T3y %
where of course we use the natural logarithm. All four of these shaded
regions may be slid to the left so that they lie in the first, large box.
And they do not overlap. This assertion is true not just for the first
four summands but for any number of summands. So we see that the
value of
' 11 1 ‘
lim (1+-+-+---4+—-] —logj
j—00 2 3 7

is not greater that 1 x 1 = 1. In particular, the sequence is increasing
and bounded above. So it converges.

7. Similar to the solution of Exercise 13 in Section 1.1 above.

9. Define the sequence a; by
0,0,1,0,1,1/2,0,1,1/2,1/3,0,1,1/2,1/3,1/4, ... .
Then, given an element 1/ in .S, we may simply choose the subsequence
15 1/3,1/i ..

from the sequence a; to converge to 1/j. And it is clear that the
subsequences of a; have no other limits.
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2.3 Limsup and Lim inf

1. Consider the sequence
1,-1,1,-1,5,—5,1,-1,1,—1,... .

Then, considered as a sequence, the limsup is plainly 1. But the supre-
mum of the set of numbers listed above is 5. Also the liminfis —1. But
the infimum of the set of numbers listed above is —5.

What is true is that

limsupa; < sup{a;}
and

liminfa; > inf{a;}.
We shall not prove these two inequalities here.

3. Let @ = limsupa;. Then there is a subsequence {a;, } that converges
to a. But then {—a;, } converges to —a. If there is some other sub-
sequence {—aj,} that converges to some number § < —a then {a;,}
would converge to —( > «. And that is impossible. Hence —a is the
liminf of {—a;}.

A similar argument applies to v = liminfa; and the consideration of
{—a;}.
5. Consider the sequence
a,b,a,b,a,b,a,b,....

Then clearly the limsup of this sequence is equal to b and the liminf of
this sequence is equal to a.

9. The limsup is defined to be the limit of the sequence b; = sup{a;, aj11, a2, ... }.
Clearly b; > a;. Therefore

lim b; = lim b;, > klim @, -
—00

Jj—00 k—o0

So

khm a;, <limsupa,.
—0Q

A similar argument shows that

lim a;, > liminfa,.
k—o0
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11. Let {aj,} be any subsequence of the given sequence. Define b;, =
sup{a;,, aj,,,,..-}. Then
bjz 2 aj,

S0
limsup b;, > limsup ¢ — ooa;,

{—00

so that
limsup a;, > limsupa;, .

A similar argument applies to the liminf.

13. The numbers {sin j} are dense in the interval [—1, 1] (see Exercise 7 of
Section 2.2). Thus, given € > 0, there is an integer j so that | sin j—1| <
€. But then

|sin j[5™7 > (1 —€e)7c.

It follows that o
limsup | sin j|*"/ = 1.

A similar argument shows that

lim inf | sin j "7 = (1/e)"/e.

2.4 Some Special Sequences

1. Let r = p/q = m/n be two representations of the rational number r.
Recall that for any real o, the number " is defined as the real number
[ for which
o™= [g".
Let 3 satisfy
o = .

We want to show that § = . we have

ﬁn»q = ™1

aPl™

/8/‘1'”
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) root of a real number it follows that

B=4g,

proving the desired equality. The second equality follows in the same
way. Let

By the uniqueness of the (n - q

n

a=~".
Then
am — ,}/’I’L'm.
Therefore, if we take the n” root on both sides of the above inequality,

we obtain
,ym _ (am)l/n‘

Recall that ~ is the n'" root of o. Then we find that
(al/n)m _ (am)l/n‘

Using similar arguments, one can show that for all real numbers o and
B and g € Q
(a-B)" =at- p

Finally, let o, 3, and 7 be positive real numbers. Then

(a-B) = sup{(a-3)":q€Q,q<}
= sup{a?f?:q € Q,q <}
= sup{a?:qeQ,q<~}-sup{f?:q€Q, ¢<~}
= o3,

. We write

jj 1 Gejeeee- j

@) 12-G-D-(G) G+0-(G+2)-2"
Now the second fraction is clearly bounded by 1, while the first fraction
is bounded by 1/((j — 1)j). Altogether then,

7 1
— < - -
@)~ 2=

The righthand side clearly tends to 0. So

0<

lim 2 —0
e (2)
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7. Use a generating function as in the solution of Exercise 6 above.
* 9. Notice that

(1 ; ]i) < exp(1/7?)

(just examine the power series expansion for the exponential function).

Thus
- () o) (o) ()
< exp(1/12) - exp(1/22) - exp(1/32) - -+ - - exp(1/5°)

= exp(1/17 +1/2* +1/3* +--- +1/57).

Of course the series in the exponent on the right converges. So we may
conclude that the infinite product converges.
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Chapter 3

Series of Numbers

3.1 Convergence of Series

1. (a) Converges by the Ratio Test.
(b) Diverges by comparison with 3 1/j.
(c) Converges by the Ratio Test.
(d) Converges by the Alternating Series Test.
(e) Diverges by comparison with - 1/j.
(f) Converges by comparison with . 1/57.
(g) Converges by the Root Test.
(h) Converges by the Cauchy Condensation Test.
(i) Diverges by comparison with »_.1/j.
(j) Converges by the Cauchy Condensation Test.

3. Since Zj b; converges, then b; — 0. Thus, for j sufficiently large,

0 < b; < 1/2. But then

1 2
> —.
1—|-bj_3

So the series diverges by the Comparison Test.

5. FALSE. Let a; = (j + 1), Then a; > 1 for all j = 1,2,.... And
>_;1/a; converges. But . a; diverges.

15
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7. We will prove the more general fact that if 377, a; and 37, b; are

convergent series of positive numbers, then

(S = (54) (5%)

First, recall the Cauchy product of series:

To prove the inequality observe that, for each j,

2an_jajbn_jbj S ai_ﬂ)? + aibi_j

because of the inequality

2cd < A + d°.
Finally notice that
2 2 _ 2 2
>3 () (30
n=0 j=0 7=0 7=0

and

S5 e = <§0 a?) (g 55>

n=0 j=0

by the Cauchy product formula again. The proof of the inequality is

complete.

In order to finish the exercise notice that for
a>1/2

the series

=1
2 Gop

J=1
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is convergent and so is

ij.

Jj=1

9. Of course b;/j* < b;, so that Zj bj/j* converges by the Comparison
Test.

11. If @ > 1, then we have convergence by the Comparison Test. If o =
1, then we have convergence provided that § > 1 (by the Cauchy
Condensation Test). Otherwise we have divergence.

3.2 Elementary Convergence Tests

1. If 3772 b; converges than b; — 0. Then there exists N > 0 such that
for j > N,b; < 1. If pis a polynomial with no constant term, then
ther exists xg and a constant C' > 0 such that for 0 < z < x,

p(z) <C-x.

Indeed, if p(z) = a1z + agz?* + - - - + a,a™, then p(z) < 2a;x for = close
enough to 0. Since Z;; b; converges, b; — 0. Then there exists /V such
that, for j > N, b; < xo. Thus,

p(b;) < Cb;.
By the Comparison Test we are done.
3. For the first series, the Root Test gives
11/ =1,
which is inconclusive. The Ratio Test gives

YD
1/5 J+1

which is inconclusive.

For the second series, the Root Test gives

1/ — 1,
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which is inconclusive. The Ratio Test gives

/G+1> 5

— 1

1/42 (j+1)2 ’

which is inconclusive.

However we know that il /j diverges and il /4% converges.

. By our hypothesis, there is a number 0 < 3 < 1 and an integer N > 1

such that, for all j > N, it holds that

a .
A+l < ﬁ
a;
or
|aja| < Blay].
We may apply the last line with j replaced by j 4+ 1 to obtain
|aj 2| < Blaj1]
hence

|ajya] < 3%|aj] .

Continuing, we finally obtain
|aj k] < 8]

Thus we see that the series » =N41 |a;| is majorized by the convergent
geometric series |ay| - Z‘;‘; vo1 377N, Hence the series converges.

. Assume that all the a; are positive. Let liminfa;ii/a; = a. Plainly

a > 0. If a = 0 then there is nothing to prove, so suppose that a > 0.
Let 0 < a < a. Certainly there is a positive integer N so that
Aj+1
— >« *
5 (+)
when j > N. For M > N, multiply together the inequalities (x) for
j=N,N+1,....M —2 M —1 to obtain

apnr _
M M-N

an
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hence
M
May > a- Vanya™N . (xx)

Taking the liminf as M — oo, we find that

. . . . M
liminf %/ay; > liminfa - Vayoa™ = o.
M —oco

M—oo

Since o was an arbitrary positive number less than a, we conclude that

. .. e OM4
liminf 3/a,; > liminf )
M —oco an

A similar argument shows that

pr+1

limsup ¥/aj; < limsup
M—oo Qn

This shows that if a series passes the Ratio Test then it also passes the
Root Test.

. TRUE. Since Zj b; converges, the terms b; tend to zero. Hence, for j
sufficiently large, 0 < b; < 1. Therefore

ajbj < aj.

So the convergence of . a;b; follows from the Comparison Test.

3.3 Advanced Convergence Tests

1. We note that

b; < b_J —
1—b, ~ 1/2
So the series . b;/(1 —b;) converges by the Comparison Test.

2, .

3. Let f(x) = /z. Applying the Mean Value Theorem (see Section 6.2,

or consult your calculus book), we see that

f(25+3) = f(25) = (25 +3) —25) - f'(§)
for some 25 < & <25+ 3. Since f'(£) = 1/(2v/€), we find that

3

725 +3) = f2) < 5
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Thus the summands of the series are majorized by
(25+3)'7 = (2))2) _ 3
j3/4 - 2\/§j5/4 ’

The sum of the terms on the right converges. So the original series is
absolutely convergent.

5. Suppose that

p(j) = ao + ayj + azj® + - - + axj”
is a polynomial with integer coefficients.

(a) Suppose that p has the property that p(j) is even for every integer
j. If we add a term aj415""" to p in order to increase the degree
of p by 1, then we are adding a term that alternates in parity

(odd-even-odd-even etc. It follows that the new polynomial
P(j) = a0+ arj + azj® + - - + arj* + arpj"

alternates parity.

(b) Suppose instead p has the property that p(j) is odd for every
integer j. If we add a term aj,17*"! to p in order to increase
the degree of p by 1, then we are adding a term that alternates in
parity (odd-even-odd-even etc. It follows that the new polynomial

p(j) = a0+ aij + azi® + -+ - + arg* + agp17"

alternates parity.

(c) Suppose instead that p has the property that p(j) alternates parity
with increasing j. If we add a term aj417**" to p in order to
increase the degree of p by 1, then we are adding a term that
alternates in parity (odd-even-odd-even etc. It follows that the
new polynomial

Plj) = ao + arj + azj® + -+ + aj® + ap i
is either always even or always odd.

This proves the required assertion about p(j).
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1/2

7. Refer to the solution of Exercise 7 in Section 3.1. Let a; = (;)'/* and

bj =1/j*. Then we know that

1/2 1/2
Z(%’)m' — < <Z%’> : <Z %) :

As long as @ > 1/2, both series on the right converge. So the series on
the left converges.

When o = 1/2, consider the example of v; = 1/(j - (log(j + 1))*1).
Then } v, converges but

yirz Lo 1
Z(’Yg) j1/2 Z] . (]Og(] + 1)0.55) )

j -

%|H

and that series diverges.

9. The series ) il /j diverges. Moreover, it can be shown that the partial
sum s; has size C' - log(j +1). Thus b;/s; =~ 1/(jlogj). And the series

1
; jlog(j + 1)

diverges.

3.4 Some Special Series

1. We will do the sum of the first N perfect cubes. Let the inductive
statement P(N) be

The sum of the first N perfect cubes is

N2(N +1)?

Sy = ——

Clearly P(1) is true since then Sy = 1-4/4 = 4. Now assume that
P(j) has been proved. Thus

72+ 1)

B+ 4+. 458 = 1
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We add (j + 1)? to both sides. So

2/ 5 2
5 +1)2
13+23+---+33+(3+1)3:%4—(]%—1)?’.

Notice that the lefthand side is just the sum of the first (j + 1)
perfect cubes. We use some algebra to simplify the righthand side:

G258 + 52+ 45° + 1252 + 125 + 4
4
7'+ 65° + 135 + 125 + 4
4
(P +25+1)-(°+45+4)
4
(G+1)? (G +2)7°
1 .

72+ 1)
4

+(+1)?° =

Thus we have

s _ G+ (+2)?
y .

P42+ 2+ (i +1)

This is P(j + 1). So we have completed the induction and the formula
is proved.

. Notice that, no matter what the value of k,

1
| T |

[ =

> -

<

for j sufficiently large. By the Comparison Test, the series diverges.

. Suppose that p is a polynomial of degree k. For j large, p(j) is compa-
rable to C - 7*. So we should compare with the series Zj eCI" I C is
negative, then the series converges by the Root Test. If C' is positive,
then the terms of this series do not tend to 0. So the series diverges.

. If both 7 + e and 7 — e are algebraic, then (according to Exercise 6)
(m+e) + (m —e) = 27 is algebraic. But that is false. So one of 7 + e
or m — e must be transcendental.
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3.5 Operations on Series

1. Let a; = 1/7% and b; = 1/5*. We know that

m
Cm = E ajbm_j
Jj=0

m

_ Zi b
25 m— )t
/2] . mo

< 1o+
2 Tt 2 Ty

m 16 m 8

2 mt 2 m
8 4

m3  m?’

8 4
ZCmSZﬁ‘FZW

The two series on the right converge, hence ) ¢, converges.

Q

Thus

3. The safest way to consider the composition of two power series
(o]
A= Z a;z’
=0

and

B = Z b‘;‘;oa?j
j
is to consider their partials sums
N
Sy = Z a;z’
=0

and

N
SN =) bl
j=0
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Then the composition Si o ST makes perfect sense and we can consider
the limit of the composition as N — oo.

. The convergence follows from Exercise 7 in Section 3.1.

. Let A=73",a; be a convergent series and let ¢ be a nonzero constant.

Let Sy = Z;VZI a; be the partial sums for the series A. Then ¢Sy are
the partial sums for the series ; ca;. Let e > 0. Choose M so large
that |Sy — a| < €¢/|c| when N > M.

For such N we have

€]

lcSy —ca = |c||Sy —al < |c] - = =€.

]

It follows that ¢Sy — ca, so the series ) | j caj converges to ca.

. Let A =37 a;27 be a power series. Let Sy = Z;V:O a;x? be a partial

sum. Then
aix asx N

651\7:60‘0.6 ceTET e e

So we see that the exponential of a power series can be interpreted in
the language of an infinite product.



Chapter 4

Basic Topology

4.1 Open and Closed Sets

1.

© 3 & e

11.

Let t € T. Then there is an s € S with |t — s| < e. Let x € (t — (e —
|t —s|),t+ (e — |t — s|)). Then

e —s|<|z—t|+|t—s|<[e—|t—s|]|+ |t —s|=¢.
Hence x € T'. This shows that 7" is open.
The set S = [0, 1) is not open and it is also not closed.
Let X; = [j,00). Then X7 D X5 D X5 D -+ but N; X; = 0.
Let Uj = (—-1/4,1+1/j). Then U; 2 U 2 U3 O --- and N;U; = [0, 1].

The set S is not open because if ¢ € S and € > 0, then (¢ —€,q + €)
contains both rational and irrational points. The complement of S is
the set of irrational numbers. It is not open because if x € ¢S and € > 0
then (z — €, x + €) contains both rationals and irrationals. So S is not
closed.

Let # ¢ S. If s € S then |z — s| > 0. If there exist s; € S so that
|z —sj| — 0,
then let € > 0. If j is larger than some N > 0, then

|z —s;| <e.

25
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Thus if j, k& > N, then

|sj — sp| < |sj — x|+ |z —sp| <e+e.

We conclude that the sequence {s;} is Cauchy. Since S is closed, we
may conclude that {s;} has a limit point s* € S. And it follows that
|z — s*| = 0. But this means that z € S. And that is impossible. Thus
x has a positive distance € from S.

Now if z,y7 € R and s € S, then
v —s| < |z —yl+[y—s|.
Taking the infimum on the left over all s € S yields
dist(z,S) < |z —y|+ |y — s|.

Now choosing s to be very nearly the nearest point in S to y, we see
that
dist(z, S) < |z — y| + dist(y, S) . (%)

Reversing the roles of x and y gives the similar inequality
dist(y, S) < |x — y| + dist(z, S) . (xx)
Now combining (*) and (**) we find that
|dist(z, S) — dist(y, S)| < |x — y| .

Further Properties of Open and Closed
Sets

1. The set S is the intersection of all closed sets that contain S. So

certainly S contains S. If x € S, then ¢ E for some closed set E
that contains S. Fix such an E. Then there is an € > 0 such that
(r—e,x4+€¢)C°E. But SC Eso(x—e¢,x+¢€)CcS. Thus S is closed.

_ @)
If z € S\ S, then there is no € > 0 so that (z — ¢,z +¢) C S. So
(x — €,x + €) intersects °S. But x € S, so x intersects every closed set
that contains S. If there were an € > 0 so that (z —e,x +€) NS =0,
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then R\ (z — €,2 + €) would be a closed set containing S that does
not have = as an element. That is a contradiction. Thus every open
interval about x intersects both S and ¢S. So z € 0S.

Conversely, if z € 05, then every neighborhood of x intersects both

S and “S. So x is not in the interior of 5. If £ is a closed set containing

S and z ¢ FE, then x could not be in the boundary of S. So z € S.
@)

Hence S C S\ S.
3. Let £; =[1/4,1 —1/j]. Each Ej is closed, but U;E; = (0, 1), which is
open.

Let E; = [0, 1] for every j. Then each Ej is closed. Also U;E; = [0, 1],
which is closed.

Let E; = [0,1 —1/4]. Then each Ej is closed, but U;E; = [0,1) is
neither open nor closed.

@)

5. Let S C R be any set. Let x lie in S. By definition, there is an
€ > 0sothat (z —e,x+¢) CS. Nowlett € (v —€,x+¢€). Let
d=min{((x+¢€) —t),t—(x —€)}. Let s € (t —d,t+ ). Assume for
simplicity that ¢ < x. Then

e —s|<|z—t|+|t—s|<(x—t)+(t—z+¢€)=¢€.
Therefore s € (x —e€,x+¢€). We conclude that (t—0,t40) C (r—e, z+
) CS. So § is open.

If S is open then each s € S has an € > 0 so that (s —€,s+¢€)
Thus S C g’. Alsoifz € gthen thereisa o > 0so that (z—d, x+3)
So x € S. Therefore, if S is open then S = g.

cS.
cS.

@)
Conversely, if S = S, then each x € S has an ¢ > 0 so that
(x —e,x+¢€) CS. So S is open.

7. If x € R and € > 0 then the interval (x — €, x + €) contains both points
of S and points of ¢S. This shows that x is not an interior point of S,
but that z is a boundary point of S. So every real is in the boundary
of S and no real is in the interior of S. If F is a closed set that contains
S then E must contain all the limit points of S so E must contain R.
Thus the closure of S is the entire real line.
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* 9. Let S={(z,1/x) : 2 € R,z > 0}. Certainly S C R? is closed. But the
projection to the z-axisis 7.5 = {x € R : x > 0} which is open and not
closed.

4.3 Compact Sets

1. Let E be closed and K compact. Then K is closed and bounded. It
follows that E N K is closed. Also £ N K is bounded. So F N K is
compact.

3. If not then there exist points k; € K and ¢; € L so that |k; — ¢;| — 0
as j — oo. By the compactness of K, we may choose a subsequence
k;, that converges to a point kg € K. We see that

The first term on the right tends to 0, the second tends to 0, and the
third is a fixed constant. So we see that |¢;, | is bounded. By Bolzano-
Weierstrass, there is a convergent subsequence £;,, ~ which converges to
some point £y € L.

But now it follows that
|k‘0 — €0| = lim |k‘mn — fjmn| =0.
So kg = ¢y. This contradicts the hypothesis that K and L are disjoint.
It follows that there is a positive distance between K and L.

5. For each k € K, choose a d; > 0 so that the interval (k — 0, k + %)
lies in some U;. The intervals (k — dx/3, k + dx/3) form an open cover
of K. So there is a finite subcover

(k1_5k1/3> kl +5k1/3)> (k2_5k2/3> k2+5k2/3)> R (ké—ékz/ga ké"'ékz/g) .

Now if p is any point of K, then p lies in some (k; — 0x;/3, k;j + 0k, /3)
which in turn lies in some Uy;. But then, by the triangle inequality,
(p — Ok, /3, p + 6k, /3) also lies in Uy, .

7. The set K will be bounded and closed, so it will certainly be compact.
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The intersection of any number of closed sets is closed. And the inter-
section of any number of bounded sets is bounded. So the intersection
of any number of compact sets is compact.

The open set U = (0, 00) is unbounded, so it plainly cannot be written
as the decreasing intersection of compact sets.

4.4 The Cantor Set

1.

There is nothing special about 5 in this problem. Let 0 < A < 1 be
fixed (you can set A = 1/5 if you like). Let us introduce a convention.
If a set S is the union of finitely many disjoint intervals, we define the
length of S to be the sum of the lengths of the intervals whose union is
S. For the first step we remove the middle A-part of the interval [0, 1].
This produces a set, call it S7, that is the union of two intervals the
sum of whose lengths is 1 — A, that is, the length of S; is 1 — A. From
each of these intervals remove the middle A -part. This produces a set,
call it Sy, (a union of four intervals) whose length is

1—A—A1=A) = (1- N

Now continue this process. At the j step we have the set S; of length
(1 —\)7. The set Sj41 is obtained by removing the A-part of it. Hence
Sjt+1 has length

(1=X2) = A1 =X =(1-N""

Notice that we are always measuring the length of the set that we sawve.
The Cantor-like set C' is obtained as

C - ﬁ Sj.
Jj=1

Also notice that
Sj 2 Sj+1 fOI‘ all ]

Then
length(S;) > length(S;41).
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But
lim length(S;) = lim (1 — \)? = 0.

j—o00 j—o00

We see that the length of the Cantor-like set is 0. The set C' is compact
(and non-empty) since it is the intersection of nested compact sets.
Moreover, C' is totally disconnected. Arguing as in the text, let § =
|z —y|, and let j satisfy (1;;\)] < A. Notice that the set S; is the union
of 27 intervals each of length (1;;\)]. Since z,y both belong to S, they
cannot lie in the same interval. Hence between z and y there exist
numbers that are not in C'. Thus, C' is totally disconnected.

The proof that C' is perfect is exactly as in the text for the case A = 3.

. Let U =(—1,0) and V = (0,1). Then U and V are disjoint open sets,

but the distance between U and V is 0.

. Each removed interval has two endpoints, and there are countably many

removed intervals. So the total number of endpoints is countable. The

Cantor set is uncountable. So the number of non-endpoints is uncount-
able.

. When j = 1 then the possible first terms for the series are 0/3 and 2/3.

These are the left endpoints of the remaining intervals from the first
step of the Cantor construction.

When j = 2 then the possible first terms for the series are 0/9 and 2/9.
When these are added to the two possibilities for the J = 1 term we
get four possible points. In fact they are the left endpoints of the four
remaing intervals. And so forth for j =3,4,....

Every element of the Cantor set is the limit of a sequence of the end-
points. This follows from the construction. So the series

o0
E Hia;
j=1

indeed describes the Cantor set. And, as we have already indicated,
the finite partial sums describe the endpoints.



4.5. CONNECTED AND DISCONNECTED SETS 31

9. Using the characterization of the Cantor set given in Exercise 7, we see
that

C+C = {Z,ujaj+2)\jaj:,uj:00r2,)\j:001"2} :{ijajzfj:00r20r4} .

7=1 7=1 7=1

It is not difficult to see that the expression on the right equals the
interval [0, 2].

11. Certainly any sequence of the form a; = p/ for 0 < p < 1/3 will do the
job.

4.5 Connected and Disconnected Sets

1. The set X = [s,t] is connected. To see this, suppose to the contrary
that there exist open sets U and V such that UNX # 0,V NX #
0, UNX)N(VNX)=0, and

X=UnX)u(VnX).
Choosea c UNX and be VN X. Set
a =sup (UN|a,b}) .

Now [a, b] € X hence U NJa,?] is disjoint from V. Thus a < b. But °V
is closed hence o ¢ V. It follows that o < b.

If « € U then, because U is open, there exists an @ € U such
that o < a < b. This would mean that we chose « incorrectly. Hence
adU. But a ¢ U and o € V means a ¢ X. On the other hand, «
is the supremum of a subset of X (since a € X,b € X, and X is an
interval). Since X is a closed interval, we conclude that o € X. This
contradiction shows that X must be connected.

3. Let S={q€0,1] : ¢ € Q}.

5. If a and b are distinct elements of the Cantor set, then let € = |b—al| > 0.
Choose j so large that 370=3) < . Then a and b live in different closed
intervals in the set S; in the construction of the Cantor set. So a and
b must be in different connected components of C'.
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7. Let A=1[0,1] and B = [2,3]. Then A and B are each connected but
AU B is not connected.

9. In general AN B will be disconnected. Consider A = [0, 1] and B equals
the Cantor set.

4.6 Perfect Sets

1. Let U; = (—o00,—1 —1/j) U (1 + 1/j,+00). Then it is clear that
Uy CU; C -+ and each U; has bounded, nonempty complement. But

Jui 2 [-1/2,1/2].

Hence (J; U; # R.

3. If S C Ris perfect and T" C R is perfect, then consider S xT' C R x R.
Certainly S x T is closed. If (s,t) € S x T then s is the limit of a
sequence s; € S and t is the limit of a sequence t; € T so (s,t) is the
limit of the sequence (s;,t;). Hence S x T' is perfect.

5. Let A=10,1]NQ and B = [0,1] \ Q. Then AU B = [0, 1] is perfect,
but neither A nor B is perfect.

7. A nontrivial, closed interval [a, 0] is perfect and the Cantor set is perfect.
The interior of [a,b] is (a,b) while the interior of the Cantor set is §.
So it is hard to say anything about the interior of a perfect set.

11. Let S be any closed set and let C' C S be the set of condensation points.
Then S\ C' must be countable or else, by Exercise 10, S\ C' would have
condensation points.
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Limits and Continuity of
Functions

5.1 Definition and Basic Properties of the Limit
of a Function
1. Say that the limit of f is ¢; and the limit of g is /5. Let ¢ > 0. Choose
91 > 0 so that 0 < |x — ¢| < §; implies that |f(x) — ¢1| < €/2. Choose

d2 > 0 so that 0 < |x — ¢| < 02 implies that |g(z) — €2 < €/2. Let
0 = min{dy,d2}. If 0 < |z — | < 6, then

b= (0= f(2) + (F2) = g(@)) + () = &) +£o < 5 +04+ 5 + .

In summary, we see that, for any ¢ > 0,
El S fz + €.

It follows that
0 < 0y

3. Let f be a function with domain a set of the form (a,c) U (¢,b). We
say that lim,_.. f(z) = ¢ if, given any open neighborhood U of ¢, there
is an open neighborhood V' of ¢ so that f(V) C U.

5. Define

f(x) = 0 if x is irrational
| 1/q if x=p/qis arational in lowest terms.

33
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Then it is easy to see that lim,_.. f(z) = 0 at each point ¢, but f is
discontinuous at each rational number.

7. We shall prove part (a). Part (c) is similar. Let ¢ > 0. Choose
91 > 0 so that 0 < |x — P| < ¢; implies that |f(x) — ¢| < €/2. Choose
d2 > 0 so that 0 < |z — P| < dy implies that |g(z) — m| < €/2. Let
0 = min{éy, d2}. If |x — P| < § then

Kﬂw+mm—w+mngwm—A+mw—m<g+g:e

Hence
lim (f(z) +g(x)) =0+ m.

z—P

9. Let e >0. Set 0 =e. If 0 < |x — 0| < J then
|f(x) = 0| = |zsin(1/z) — 0] = |rsinz| < |z| < =e.

Thus
lim f(x) = 0= /(0).

We see that f is continuous at the origin.
Now let e =1/2. Let x; =1/((j + (1/2))x) for j =1,2,.... Then

g(z;) =1
for 7 even and

g(r;) = —1

for j odd. So lim,_o g(z) does not exist.

* 11. See the solution to Exercise 5 above.

5.2 Continuous Functions

1. This function is discontinuous at every point except the origin. First
suppose that ¢ is a rational number unequal to 0. If z; is a se-
quence of irrationals approaching ¢ then f(z;) = 0 but f(c) = ¢. So
lim, .. f(z) # f(c). Now suppose that c is irrational. If z; are ratio-
nal numbers approaching ¢ then f(z;) = x;. Hence lim; . f(z;) =
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11.

lim; . x; = ¢. But f(c) = 0. So f is discontinuous at c¢. Finally
suppose that ¢ = 0. If z; is a sequence of irrationals approaching c
then f(x;) = 0 while if y; is a sequence of rationals approaching ¢ then
fly;) = y; — ¢ = 0. In any event, lim, o f(z) = 0 = f(0). So f is
continuous at 0.

Refer to the solution of Exercise 2 in Section 5.1.
Let f(x,y) = x.
Refer to the solution of Exercise 5 in Section 5.1.

For simplicity let f be a continuous function from R to R. Let E be a
closed set in R. Consider f~'(E). If f~!(E) is not closed, then there is
a convergent sequence of points x; € f~'(F) such that the limit point
To is not in f7'(FE). This means that the f(z;) lie in E but f(zo)
does not lie in E. Most importantly, the continuity of f implies that
f(x;) — f(zo). And E is closed so f(xp) must lie in £. That is a
contradiction.

The reasoning for the converse direction is similar.

The composition of uniformly continuous functions is indeed uniformly
continuous. To see this, suppose that f : R — R is uniformly continu-
ous and ¢ : R — R is uniformly continuous. Let ¢ > 0. Choose n > 0
so that, if |s — t| < n then |g(s) — g(t)| < e. Next choose § > 0 so that,

if |z —y| < d then |f(z) — f(y)| <n.

Now if |z — y| < 0 then |f(x) — f(y)| < n and therefore |g(f(x)) —
g(f(y))| <e. So go f is uniformly continuous.

5.3 'Topological Properties and Continuity

1.

Certainly f is nonnegative at all z. But the function f(z) = (z —/2)?
is positive for all rational z and equal to zero at x = /2.

Let f(z) =2? and U = (—1,1). Then f(U) = [0, 1), which is not open.

. Let f : R — R. Define f(z) = x?. Then the intervals [—2, —1] and

[1,2] are disjoint, but f([—2, —1]) = f([1,2]) = [1,4].
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By contrast, if C'and D are disjoint then f~'(C) and f~!(D) are
disjoint. That is because if f(z) € C then certainly f(x) ¢ D and if
f(z) € D then certainly f(z) & C.

7. Let f(x) = sinz and let A = [0,7/2] U [27, 57 /2] U [47, 97 /2] U --- U
[2km, (4k 4+ 1) /2] . Then A has k connected components, but f(A) =
0, 1], which has one connected component.

9. The function f: (0,1) — (0,1) given by f(z) = 2 has no fixed point.

11. Now E U F is closed so the complement of (E U F') is open. Therefore
“(EUuF)=|JI
j=1

is the pairwise disjoint union of open intervals. Write I; = (aj;,b;).

Now define
(0 if r€eF
1 if reF
o) z_z if zeljaeEbecF
T) = -
-1
x—b if x€lja;e Fbje E
b—_a i» g j
4 a+b\> .
\

Then f is continuous, £ = f~(0), and F' = f~1(1).

13. If the conclusion is not true, then there is an ¢ > 0 and points x
arbitrarily close to a so that |f(x) — ¢| > € and |f(z) — d| > €. But
this implies that f~!([c+ ¢, d — €]) contains points = that are arbitrarily
near to a. Thus f~! of the compact set [c + ¢,d — €] is not compact.
Contradiction.
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5.4 Classifying Discontinuities and Monotonic-
ity
1. Write A = {a;}32,. Define
o if r < ay
f(l’) o { ] if a; <z < Qj+1
Then it is clear that f is increasing and has a jump discontinuity at

each a;.

This is impossible for an uncountable set A because the only possible
discontinuities for an increasing function are jump discontinuities. And
there can only be countably many jump discontinuities.

-1 if  2<0
f(“””):{l it x>0.

3. Let

Then f is discontinuous at the origin, but f?(z) = 1 is continuous at
every point.

If f3 is continuous at every point, then

f(x) = [f* (@)
is the composition of continuous functions, so is certainly continuous.

5. The set [a, b] is connected, so f([a, b]) will be connected. And the only
connected sets are intervals, so f([a,b]) is an interval. As we indicated
in Exercise 2 of Section 5.2, f([a,b]) can be an interval of any of the

four types.
9. Now let z,y lie in the domain of f. Assume without loss of generality
that f(x) = 0 and we shall prove that f is continuous at x. For
0 <t <1, we know that
flA=tz+ty) <A -t)f(z) +tf(y). (%)

We think of ¢ as positive and small, so that (1 — t)x + ty is close to z.
Then we see that

[f((L =)z +ty)| <tlf(y)]-
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That shows that
lim f(s) = 0= f(z),

S—T

so that f is continuous at z.

In calculus we learn that a twice differentiable function is “concave
up” if f”(x) > 0. Now we look at

(L—=1t)f(a) +1f(b) = f(L—t)a+tb) = ¢[f(b) — f((1—t)a+tb)]
[f(1—t)a+tb) —
b—a)
F(©)tb—a),
where we have applied the Mean Value Theorem twice. Now we shall
apply the Mean Value Theorem again to rewrite the last line as

~(1-1)
= 1O - )
~(1-1)

t(1—1)(b—a)f"(€) > 0.
We have proved, assuming that f” > 0, that

(1 —t)f(a) +tf(b) — F((1 — t)a +tb) >0

which is the same as

(L =t)a+1tb) < (1 —1)f(a)+1f(b).

So an f with nonnegative second derivative is convex according to our
new definition.

The assertion is true, and remains true if the function is continuously
differentiable.

f(a)]
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Differentiation of Functions

6.1 The Concept of Derivative

1. This assertion is false for every k > 2. We give just a few examples:

e Let f(z) = |x|. Then f?*(z) = 2% is differentiable at all points,
but f fails to be differentiable at the origin.

e Let f(z) = #'/3. Then f3(z) = z is differentiable at all points,
but f fails to be differentiable at the origin.

o Let

f(x):{o if <0

z if x>0.

Then
0 if z <0

4 —
! (:.17)—{ 24 if x>0.
We see that f? is certainly differentiable at the origin but f is not.

3. This function is certainly not differentiable at any rational. If ¢ €
R is rational and positive, then write ¢ = a/b, where a and b are
positive integers and the fraction is in lowest terms. Now we examine
the Newton quotient

flg+h)— f(q)
- .

If g+ h is irrational (say & is a small multiple of v/2) then Q = (—1/b)/h
blows up as h — 0. So f is not differentiable at q.

Q=

39
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The analysis of differentiability at irrational points is more difficult
and we omit it.

. Let f be defined on the interval (a, b]. We say that f is left continuous
at the point b if
lim f(b+ h) = f(b).

h—0—
We say that f is left differentiable at the point b if

i S0+ R) = £0)

h—0~ h

exists. We denote the left derivative of f by f;. Right continuity and
right differentiability are defined similarly.

~—

>

Now suppose that f is left differentiable at b as above. Then
b+ h)— f(b
hlirgf[f(b%— h)— f(b)] = hli%lﬁ (f( + /() -h)

) (mnf@+m—f@)%hmh)

h—0~ h h—0~
= f;(b)-0=0.

Thus f is left continuous at b.

The result for right differentiability and right continuity is proved
in just the same fashion.

. We see that the discontinuity is of the second kind.

. Let f be a function that is differentiable at a point x in the domain
interval I for f.

(a) We can calculate that
fim ZE R =L@ g ({f(“ i f(I)] [+ ) + f(a:)]) . = lim {f_(

h—0 h h—0 h h—0

Since f is differentiable at x, the first expression in brackets tends
to f’(x). Since f is then continuous at x, the second expression
in brackets tends to 2f(x). Altogether then,

(f*) (@) = 2f(2) - f'(=).
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(b) Applying the result of part (a) to the function f + g, we find that
[(f + 9] (x) =2(f + 9)() - (f + 9)'(x).
(c) We can write this out as

L) @)+ 12f 9] (@) +[g) (x) = 2f () f' (2) +2f (2)-9' () + 2 (2)-9(x) +29(x)-g ()

Cancelling out matching terms (using part (a)), we find that

2fg)(x) =2f(x) - d'(x) + 2 (x) - g(2)

[f9)'(z) = f(z) - o' (x) + f'(x) - g(x).

6.2 The Mean Value Theorem and Applica-
tions

1. We can calculate that

()] = /Omf’(t)dt‘ < [Wrwlas [Crala.

F<w>=/:|f<t>|dt.

Then F'is an antiderivate of | f|. And we have

Let

|f(2)] < F(x).
This can be rewritten as
@l
F(z) —
Integrating both sides from 0 to x gives
log F(z) < x.
This can be rewritten as
F(z) <e®.

From this we conclude that

|f(z)] < F(x) <e”.
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. If f is neither increasing or decreasing on I, then there are two possi-

bilities: (i) f' = 0, in which case f is constant, or (ii) f is increasing
on some subinterval J of I and f is decreasing on some other subinter-
val J' of I. In the second scenario, it must be that f has an interior
local minimum P or an interior local maximum (). That would be a
contradiction.

We may write

fi@) = £(0) + / " prwyde > £0) + / “edt > f(0) + cx.

Therefore
cx?

FO+ [ 70 = 100+ [ (7Ot = FO) 110+

Clearly the function on the right is not bounded above, so f is not
bounded above.

. The derivative of f* is k- f*=' . f’. So clearly we need f > 0 for the

desired conclusion to be true.

Let ¢(t) = t'/2. We asked to evaluate the behavior at +o0o of p(z +
1) — ¢(z). By the Mean Value Theorem we have

plz+1) —p@) =[x +1) — 2] ¢(§)

for some £ between x and x + 1. Thus
1
fola+1) = pla)] < 10 52,

As © — 400, the righthand side clearly tends to 0. So the expression
o(z + 1) — p(z) tends to 0.

Applying the usual Mean Value Theorem to h we see that
h(b) = h(a) = (b —a) - '(§) (%)

) -
for some £ between a and b. Writing out (x) gives
[9(b)(f(b) — f(a)) — f(b)(g(b) — g(a))]

—[9(a)(f(b) — f(a)) — f(a)(g(b) — g(a))]

(b—a)[g'(€)(f(0) = f(a)) = [ (E)(g(b) — g(a))] -
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Dividing through by ¢(b) — g(a), we obtain

105 —ta)
£0) ~ (0
~gta)- EE i)
—a)d f(b)_f(a)_ / —a
- - el rig0-a

With some elementary algebra, this simplifies to

f) = fla) _ f'(§)

g(b) —gla)  g'(&)

6.3 More on the Theory of Differentiation

1. We write
f+h)+ flx—h) =2f(@)| _ |(fle+h) = f(x) = () = flz—h)

h? h?
O = FE©)h
_ -
_ f’(&)—f’@‘

h

ITGH)
N h
SVG

< C.

3. When ¢ is even then |x|* = xf, which is infinitely differentiable. So this
case is not interesting.

The case ¢ = 3 is typical of the odd case. Notice that

3 .
3 ) o2 it 2<0
fla) =] _{ 3 if x>0.
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Then

o =82 i 2 <0
f(i”)_{:az? it x>0

and ;
17 o —6x i ZESO
f(I)_{Gx it x>0.

We see that f” is not differentiable at the origin. But in fact f” is
Lipschitz-1. So f € C%L.

In general, when ¢ is odd, f(z) = |z|®is in C¢~1D),

. If f is not invertible then f is not one-to-one. So there exist ¢ < d such

that f(c) = f(d). It follows then that there is a point £, ¢ < £ < d,
which is either a local maximum or a local minimum for f. But then
Fermat’s lemma tells us that f'(£) = 0. Contradiction.

Now consider
[ x+h)— f(z)
h )

We write x = f(y) and = + h = f(y). Then we may rewrite (%) as

(%)

'37_'3/ 1 (**)
F@) = f) @) =t/ -yl

If h — 0 then z + h — x. Since f is invertible, we may then con-
clude that ¥ — y. So equation (xx) converges to 1/f'(y). So f~! is
differentiable.

We may derive a formula for (f~!)" as follows. We know that

fof (@) =a.

Differentiating both sides gives
U @) - () (@) =1

or
1

(f7)(x) = m

This is consistent with the formula that we derived in the last para-
graph.
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7. We know from Exercise 1 above and others like it that, if f is twice
differentiable at x then

}LILI(I) f(l’—l-h) +f(le;_h) _2f(I) _ f//(l')-

However, as Exercise 21 of the last section shows, the converse is not
true. There is not a simple characterization of the second derivative
that is analogous to the Newton quotient.

9. The function f(z) = x - In|z| is actually in Lip-a for any o < 1.
One needs only check this assertion at the origin, and for that refer to
Exercise 4 of Section 6.2 above.

The function g(z) = |z|/In|z| is in C%! as a simple calculation will
show.
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Chapter 7

The Integral

7.1 Partitions and the Concept of Integral

1. If f is not bounded then there are points s; € [a, b] so the f(s;) — oo.
For simplicity let us assume that the values converge to +00. Let N > 0
and choose J so large that j > J implies that f(s;) > N. Set up a
partition P given by x¢o < x1 < --+ < xp so that syy1 € I1, syio € I,
ooy SNak € Ix. Now consider the Riemann sum

R(f,P) =3 F(s)A; =2 N - (b=a).

This shows that the value of the integral is at least N - (b—a). Since
N > 0 was arbitrary, we conclude that the integral does not exist.

3. The function f is continuous so it is certainly Riemann integrable.

7. The function f is, in effect, continous on each of finitely many subin-
tervals of [a,b]. One simply applies Theorem 7.10 on each of these
subintervals.

9. We shall follow the scheme presented in Remark 7.7. Given ¢ > 0,
choose 9 > 0 as in the definition of the integral. Fix a partition P with
mesh smaller than . Let K + 1 be the number of points in P. Choose
points ¢; € I; so that [f(t;) —sup;, f| < €/(2(K + 1)); also choose
points ¢ € I; so that |f(t;) —inf, f| < €/(2(K +1)). By applying the

47
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definition of the integral to this choice of ¢; and ¢ we find that

2

J

supf—i?ff> Aj < 2.
I j

J

The result follows from Remark 7.7.

7.2 Properties of the Riemann Integral

1. Let f be continuous and non-negative on [0,1]. Let M = supy ) f.
Let € > 0 be fixed. Since f is continuous, there exists a 6 > 0 and an
interval I of length 6, I5 C [0, 1], such that for all = € I,

M —e€< f().
Then
{ / 1 f(t)“dt] L [ f(t)“dt] %
> (M= eyt
(M — )5
Thus,

3=

1 1
lim inf {/ f(t)"dt} > lim (M —¢€)én
0

n—00 n—0o0
Since € > 0 was arbitrary we have

n—oQ

lim inf { / 1 f(t)“dt] Y
0

Since

n—oQ

lim sup {/1 f(t)ndt} ' <M
0

is trivial, we are done.
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3. If f is integrable on [a, b], then

b b
Ellrgi/aﬁf(:v)d:v:/a f(z)dz.

So no new integrable functions arise in this case.

Now let g(x) = 27/2 on the interval (0,1). We see that

1
= lim 2 — 22 =2,

e—0t

1

lim Y2 dr = lim 2 - 2'/?
e—0t J, e—0t

So g is an example of an unbounded function that can be integrated
by this new definition.

Define

6 if 1/3<z<1/2
—6 if 1/4<2<1/3
20/3 if 1/b<x<1/4
—15/2 if 1/6 <z <1/5

h(z) =

and so forth. You can see that the graph of this function is alternating
positive and negative bumps, and the area of the jth bump is 1/j.
Thus it is straightforward to see that the limit

1/2
lim h(z) dz
e—0t €
exists.
Of course
6 if 1/3<x<1/2
6 if 1/4<x<1/3

M@ =93 203 i 1/5<z<1/4
15/2 if 1/6 <z <1/5

The graph of |h| is a sequence of bumps of area 1/j, but now they
are all positive. Recall that the series > (—1)7/j converges, but the
harmonic series ) il /j diverges. This is why h is integrable by our
new methodology but |A| is not.
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7. Let € > 0. Choose § > 0 so that, if P is a partition of [a, b] with mesh
less than ¢, then

b
R(.P) = [ fa)da] < efta+1).
Then
b

|R(af,73)—/ af(z)dz| < a-ef(a+1) <e.

Therefore
b
IR(af,P) — « / flz)dx| <e.

That proves the result.

9. First consider

L cos2r — cosr
—dr.
n

r

We write this as

L cos2r Leosr 2 cos s Leos s
dr — dr = ds — ds
n r n r 2y S n S
2 cos s 2 cos s
= — ds + ds.
. S . S

The second integral obviously exists and is finite. Let ¢ > 0. If n > 0
is small enough then 1 —e < coss < 1 on [n, 2n]. Thus

nq 2n 2n q
(1—e)log2:/ Ed:v</ @dng —ds = log 2.
n § n 9 n S

We conclude that

2 cos s

ds

lim
n—0 S
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exists. Therefore

exists.

The integral

is treated similarly.

lim
n—0 1

! COS S

S

1 cos s

ds

7.3 Change of Variable and Related Ideas

1. We will concentrate on the one-sided derivative of I’ at a. Fix € > 0.
Choose a § > 0 so that, for z > a, |r—a| < §, we have | f(z)— f(a)| < e.

For § > h > 0 we calculate that

F(a+h)— F(a)

h

— f(a)

L F(@) dth— [eft)dt .
Sty dt
B — f(a)
S py e — [0 fa) dt
h

S Ft) — fla)dt

h
S ) — fla) dt

h

h

€.

This shows that F' is right differentiable at a and the derivative is equal

to f(a).
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5. Since f is Riemann integrable, f is bounded by some number M. Let
e > 0 and choose § > 0 so that if the mesh of partitions P and P’ is
less than § and if Q is the common refinement of P and P’, then

IR(f,P) = R(f, Q) < €/(2M). (*)

Let I; be the intervals that arise in the partition P and let I, be the
intervals that arise in the partition Q. Note that each I, is contained
in some interval I;. Then it follows that

[R(f2,P) = R(f? ZZF s;)A — ZZf 5)A

o o )
But
[F2(s5) = F2(B)l = |(f(s5) + F(3e) - f(55) = F(Be)| < 2M - | f(s5) = f(30)] -
So (%) can be estimated by
Z > 2M. — fE0)|A,.

J I(C[

And we know from equation (x) that the righthand side is less than e.
It follows that f? is Riemann integrable.

7. Some reasons are

e Differentiation comes from taking a difference while integration
comes from taking a summation.

e Differentiation measures rate of change while integration measures
aggregation.

e Differentiation reduces the complexity of a polynomial while inte-
gration increases the complexity.

9. A Riemann sum for fol 2% dx, with equally spaced partition having k

intervals, is
i i\’ 1 ii i 2k3 + 3k + k
. k k3 ‘= 6 '

J=1
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In the last equality we have used a result from Exercise 1 of Section
2.4. Now this last expression tends to 1/3 as £k — oo. And it is

easy to calculate, using the Fundamental Theorem of Calculus, that
fol r?dr = 1/3.

7.4 Another Look at the Integral

1. We observe that
6 6 6
/tzdﬁ(t):/ t2dt+/ t2d[t],
2 2 2

where [t] is the greatest integer function. The first integral on the right

1S 6
208
/ dt ==~
2 3

while the second integral equals
6
/ t?d[t] =3* + 4>+ 5° + 6> = 86.
2

In sum,

6 208 466
tdt =" +86=—.
/2 3 * 3

3. Suppose that p(z) = ag + a1z + - - - + apz® is a polynomial. For each j,
take a(r) = aj(x) = 7. Then our hypothesis is that

0= [ pydos(o) = [ ptonie .

0:/abp(z)zj =0

for j =0,1,2,...,(k+ 1) imply, with a little algebra, that ag = a3 =
---=ay = 0. So p is the zero polynomial.

The equations

5. We calculate that

3
/ ?da(z) =17 +2* + 3% = 14.
0
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7. We shall prove part (a). Simply observe that
|u(f+ga Pa a)—ﬁ(f—l—g, P? a)| < |Z/{(f, Pa Oz)—ﬁ(f, Pa a)|—|—|U(g, Pa a)—ﬁ(g, Pa a)| .
Now, given any € > 0, we may choose a partition P so that

|I/{(f,73,0z) _‘C(fapaa” < %

and a partition P’ so that

|U(g,'P,a) - ,C(g,P,Oé” < % .

Then the partition @ which is the common refinement of P and P’ will
satisfy

|u(f+9>Q>a)—£(f+g,Q,oz)| < €.

9. We calculate that

s s s s 3 5
/ fda:/ xzdx?’:/ x23x2dx:3/ x4da?:l.
0 0 0 0 o

11. The Riemann-Stieltjes integral fol x dx cannot be represented as a se-
ries.
7.5 Advanced Results on Integration Theory

1. Let f(z) = sinz/x. Since lim,_ f(x) = 1, we define f(0) = 1. Now

e /Ooo (@) do = /Olf(a:) da:+/1°° (o) da.

Since f is continuous on the interval [0, 1], the first integral on the right
certainly exists. For the second, consider

Nging
dx
1 x

for some N > 1. Integrating by parts, we find that

) N
N sinz —COST N cosz
dr = — 5 dr .
1 T T 1 .
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The limit of the first term on the right as N — oo clearly exists. Since
| cos /2% < 1/22, the limit of the second term on the right also exists.
So the full integral exists.

The function

| xsin(l/x) if x#0
f(i”)_{o it =0

is continuous on the entire real line. But, because the harmonic series

diverges, the sum
N
(25 +1) 7r/2 (2j — /2

k
J=1

can be arbitrarily large. So f is not of bounded variation on any interval

that has the origin in its interior.

In case ¢ is linear, then

o([ rwrae) = [otsianar.

But any convex function is the supremum of linear functions (see [KRAS]).
Passing to the supremum gives the desired inequality.

. Call the interval [a, b]. We know from Exercise 2 above that

b
vi= [ £,
Since f is continuously differentiable, f’ is a continuous function on
[a,b]. So V f exists and is finite.
We have

/fda = /:Bzdsin:E:/ 22 cos x dx
0 0 0

™

= z?sinz+ 2rcosx — 2sinx

0
= (7*-0+27-(—1) —2sinw) — 0= —27.






Chapter 8

Sequences and Series of
Functions

8.1 Partial Sums and Pointwise Convergence

1. If the f; and the limit function f are all bounded from zero by a con-
stant ¢, then the result is true. This is because then

1 1 f fy |j_f|.

c2

fi flo1ff

3. Let
4y+2

N
p 2] [
Of course these are the partlal sums of the Taylor series for sin z2.
These converge uniformly on compact intervals to sin 2.
5. For an integer N that is greater than 2 define the points
Po = (070) y P1 = (1/N71/N2) y D2 = (2/N74/N2) )
py-1=((N = 1)/N,(N = 1)*/N*, py = (1,1).
Now connect pg to p; and p; to ps and so on to connecting py_1 to

pn. This gives the graph of a piecewise linear function Ly with the
property that

2
£~ L(o)] < -

o7
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Finally, set
P=L, Bb=Ly— Ly, s=L3— Lo, ....

Y P
J

Then the series

converges to f.

Consider the series
0o 2j—1

Z(Qj—l)!‘

j=1
This is the Taylor series for f(z) = sinxz. We can use the Ratio Test
to check that the series converges uniformly on compact sets.

If the Taylor series Zj ajx? converges at a point ¢ # 0 then, for 0 <
b < |c| and z € [—b,b], we see that

el = e (2)

Now the terms a;¢ are bounded by some number M. So the jth
summand of the series is majorized by

Mlz/cl,

and this gives a convergent geometric series. So the Taylor series con-
verges absolutely and uniformly on [—b, b].

Notice that
lim fj(x) = lim 2%/j =0 = f;(0).

z—0t
Hence f; is continuous at the origin. It is obviously continuous else-
where.

If z <0 then fj(x) =0. If x > 0, then

1.2

|fi (@) = T 0

as j — 0o. So the f; converge pointwise to the identically 0 function.
However, no matter how large j, f;(j%) = j. So the convergence is not
uniform.
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13. Let 0 < € < 1. By the Cauchy condition for series, if j is large enough

(say j > J), then |gj(x)| < € for all x. Then

> Ifi@) - gi@) < Y1)
j=J j=J

So the series of products converges absolutely and uniformly.

8.2 More on Uniform Convergence

1. The hypothesis means that the sequence of partial sums converges uni-
formly. But each partial sum is a continuous function. Therefore the

limit function is continuous.

3. If ¢ satisfies a Lipschitz-1 condition then things will work out nicely.

To illustrate, assume that

|¢(a) — ¢(b)| < C'-a = b|

for all real numbers a and b. Let {f;} be a uniformly convergent se-
quence of functions with limit function f. Let ¢ > 0. Choose J so large
that j > J implies that |f;(z) — f(x)| < €/C for all x. Then, for such

Js

@0 fi(x) —¢o fla)] < Clfj(x) — flz)] < C-

So the ¢ o f; converge uniformly.

5. Let
filx) =1—a’
for j =1,2,.... Then plainly

fi(z) < folx) < -
Finally,
. 1 if 0<z<1
Jim f(x) _{ 0 if

So the limit function is discontinuous.

€

C

= €.
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* 11. Let {g;} be an enumeration of the rationals. For each positive integer
J, define a function ¢; with these properties

e pj(r)=0forz<gq;—1077 or x > ¢; + 1077.

e vi(g;) =J-

® (; is piecewise linear.

Define .

Fe(z) =) k- pm(z).
m=1

Then it is clear that Fj(g;) — oo as k — oo for each fixed g;. It is also

clear that
{z : some ¢;(z) is not 0}
has length
-1 -2 2
2-107 42102 4o = o

So, for the complementary set of real numbers, the Fj will remain
bounded. This will include uncountably many irrationals.

8.3 Series of Functions

1. Let € > 0. For each z € [0, 1], choose j, large enough that

[f(z) = fi.(z)] <e. (+)

In fact, by the continuity of f and f;,, the inequality (x) will persist
on an interval I, = (z — 0, x + ;). The intervals I, cover the compact
interval [0, 1]. So there is a finite subcover

I

a1 Loy ooy Loy

Let J = max{Jjz,, jug,- - -, Jzy, - 1t follows now that, if j > J and
x € [0,1], then = € I;, for some ¢ so that

|f(2) — fi(2)] < |f(@) — fi,(2)] <e.

Therefore the f; converge to f uniformly.
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3. We know that

-3
j=0
Therefore, for any 7,
6m 2 Cj . I’J . (*)

If p(z) = ag + a1 + asx® + - - - apx®, then pick j much larger than k. It
follows then from (%) that, for N sufficiently large and x > N,

e’ > [p(x)].

. Refer to Proposition 3.30. Let a; = sinj and b; = 1/j. We calculate
that
sin(1/2 + j) = sin(1/2) cos j + cos(1/2) sin j
and
sin(1/2 — j) = sin(1/2) cos j — cos(1/2)sin j .
It follows that

sin(1/2 + j) —sin(1/2 — j) = 2cos(1/2) sin j

hence
sin(1/2 4 j) —sin(1/2 — j)

= 2 cos(1/2)

As a result,

Y sin(1/2 4 j) —sin(1/2 — j)  sin(1/2 + N) —sin(1/2)
An = Z 2cos(1/2) a 2cos(1/2) '

j=1

We conclude that )

cos(1/2)’
an estimate which is independent of N.

We also observe that by > by > --- and b; — 0. As a result, Abel’s
Convergence Test (Theorem 3.31) applies and the series

PR

|An| <

converges.
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7. Let € > 0. There is a J > 0 so that, if £ > 7 > J, then

k
Zgg(z) < € for all =.

l=j

But then it follows that
Zfzjkfg < € for all z.

So the series ), f; converges uniformly.

9. The partial sums are continuous functions, and they converge uni-
formly. Therefore f is continuous.
8.4 The Weierstrass Approximation Theorem

1. First suppose that f is a polynomial. If it is the case that

[ @) payar=o

for every polynomial p, then in particular

[ 1w swa=o.

Since the integrand here is continuous and nonnegative, we must con-

clude that f = 0.

Now let f be an arbitrary continuous function that satisfies

[ @) payar=o

for every polynomial p. Let € > 0. By the Weierstrass Approximation
Theorem, select a polynomial ¢ so that

[f(z) —q(z)] < e

for every « € [a,b]. Then

0= / f(x)p(z)dr = / [f(z)—q(z)]-p(z) da+ / q(z)p(z)de = I+11
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for all polynomials p. We conclude that
b
[ @y de] < e 6= a) - maxipl
Since p is any polynomial, we may take p = ¢q. Thus

/ab ¢*(z) dx

If € > 0 is sufficiently small, line (%) is impossible unless ¢ = 0. But
this implies that f = 0.

Se-(b—a)-rflabﬁqh (%)

3. Restrict attention to the interval I = [0, 1]. The uniform limit on I of a
sequence of polynomials of degree at most 10 will itself be a polynomial
of degree at most 10. That rules out most continuous functions.

5. It would be impossible to approximate f(x) = 100x by such polynomi-
als.

7. Suppose that f is continuously differentiable on the interval I = [0, 1].
Let € > 0. Apply the usual Weierstrass Approximation Theorem to f’
on I. So we obtain a polynomial p such that

|f'(x) = p(x)] <€
for all z € I. Now define

It follows that

uw—P@n=|ﬂmﬁ[f@ﬁ—ww+A%@ﬁn
g([uﬁmeﬁ

<
So we have produce a polynomial P such that
|f(z) = Px)| <
and
f'(z) = P'(z)] <€
for all z € I.
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* 9, Imitate the solution of Exercise 6 of Section 8.2.

* 11. Let f be a continuous function on the square

S ={(@,y):we01,ye 01},
Let € > 0. Then there is a polynomial
p(x,y) = aoo + a0 + a1y + Cl2,0£E2 + a0,2y2 +ajry + -+ aj,kiﬂjyk
such that
|f($>y) _p($>y)| <e€
for all (z,y) € S.

We shall not prove this result, but just make the following remark.
If one can prove that a continuous function f(z,y) on S can be well
approximated by a product ¢(x) -1 (y) of continuous functions of one
variable, then the two-variable Weierstrass Approximation Theorem
will follow directly from the one-variable version.



Chapter 9

Elementary Transcendental
Functions

9.1 Power Series

1. Let f, g be real analytic functions such that the composition fog makes
sense. In order to show that f o g is real analytic we need to show that
for each xy € dom g, there exist 6 > 0 and C' and R > 0 such that for
all v € [xg — 0,20 + 9],

‘(f 0 9)™(x) 1
k! Rk

(See the remark at the end of Section 10.2 in the text.) This will show
(see Exercise 8) that the power series of f o g at xy converges f o g.

We have that

dk k! dm q i q" J g(é) h
o9 = 2 (F) (5) (7) ’

where m = i+ j+-- -+ h and the sum is taken over all integer solutions
of the equation

<C

i+2j+-+Llh=k
This formula is the formula for the £** derivative of a composite func-
tion. Now using the estimate
k!

1O <0 o

65
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valid for all real analytic functions with suitable constants C' and R,

we have
L Gen@) < oy R L L
= CHI.Z@'!j!l-{%-h!.ggﬂ
— Ck—HRk—z!k’

which implies that f o g is real analytic.

3. The series on the right certainly converges. Simply multiply the given
equation on both sides by 1 — .

5. Guess a solution of the form y = Z;io ajx?. Substitute this guess into
the differential equation to obtain

.¢] o0

2 i1 E { ) =
Ja;x’ " + a;xr’ =1x.

j=1 7=0

Now adjust the index of summation in the first series to arrive at

Z(j + 1Daj2? + Z ajz’ =x.
=0 =0

We can combine the two series on the lefthand side to find that

e}

DI+ Daj +aj)a’ = .
7=0

Comparing the left and right sides, we find that

1-a1+a0 = 0
2-a2—|—a1 =1
(j+1)aj+1+aj = 0 fOI‘j > 2.

If we set ap = C, an arbitrary constant, then we find that

alz—C

a2

aj4+1

(1+C)/2
—a;/(j+1) for j > 2.
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We write out a few more terms:

a3 = —(14+C)/3!
as = +(1+0C)/4

In sum, the solution we have found is

Cl—2)+(1+C)-(2%/2 =23V + 2" 4l — +--+)
= —14+2+(1+C)-1—a+2%/2—-2°/3 +2%/4! —+--.)
= —14+z+(1+C)".

This solution is certainly real analytic.

7. Suppose that the zero set Z of the analytic function has an accu-
mulation point a in the interval. In fact let us write z; € Z and
z; — a. Consider the power series expansion of f about a. Say that it
is >0 aj(w — a)’. Since f(a) = 0, we may conclude that oy = 0. But

Flay = tim IO I@ g ) =S 00

b—a  b—a jmoo zj—a j—oo Zj — a

Hence a; = f'(a) = 0. In like manner, we can show iteratively that
as =0, ag =0, etc. So the function is identically 0.

9.2 More on Power Series: Convergence Is-
sues

1. We estimate the remainder term:

/af R R e

Rialz)| =

We assume that z € (a — R,a+ R). So |xt —t|/R =~ < 1. Thus we
can estimate the last line by

/ Ck+1)y"dt < %(k: + 1)
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We conclude that

(x —a)

7 (k+ 1)

= |Realz)] <

= Q

f@) =3 19a)

This of course tends to 0 as k — oo.

. The series 3 x7 converges on (—1,1).

The series ). a7 /j converges on [~1,1).
The series ), (—)’/j converges on (-1, 1].

The series Y a7 /j* converges on [—1,1].

. We apply the Root Test to the series

oo s '
> o ()
=0 J

to find that

1/j

— = lim [a;(z — cP '/
J—00

741
This shows that the series

- a; j+1
Z 1 (x —¢)
7=0

(x —c)’tt

j—o00

lim ‘

J

has the same radius of convergence as

Zaj(at —c).

Of course the derivative of F' equals f just by term-by-term differenti-
ation.

. Since all the derivatives are positive, all the coefficients of the Taylor

series expansion are positive. We write

)= > 70w }a)J + Rical)

J=0
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hence

2 1P - }a)J = f(#) = Ria(®).

But, since all the derivatives of f are positive, the remainder term is
positive. So the last line implies

> @ <

J!

So we have the partial sum of the power series expansion on the left,
with all positive terms as long as z > a, and it is bounded above by
f(z), independent of k. This implies that the power series converges
at . And it converges to f. Thus the function f is real analytic.

9. By Exercise 8 of Section 9.1, the function is infintely differentiable on
R and all the derivatives at the origin are 0. Thus the power series
expansion about the origin is

io-zj.
§=0

This of course converges to 0 at every x. So it does not converge to h.

9.3 The Exponential and Trigonometric Func-
tions

1. We know that
sin(Sin"'z) =

so that, by the Chain Rule,
cos(Sin ') - (Sin™)(z) = 1.

As a result,

V1—22-(Sin " (2) =1.

1
V1—22

Therefore

(Sin"Y (z) =
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We know that

o o 8x3  322°
sin 2z = a:—§+ = — ..
And
. x3 2
2sinxcosxr = 2-(:5—54_5_4_...)

x?  xt
'(1_§+Z_+”')‘

And now it is just a matter of matching up monomials to see that the
identity is true.

For part (a), first observe that e is obviously positive when = > 0.
To treat the case of < 0, simply note that (using power series) that
e’ - e =1. Then, when z < 0,

For part (b), simply plug 0 into the power series.

For part (c), just differentiate the power series term by term.
We have

cos 4r = cos? 2z — sin? 2z = (cos’ x — sin?z)? — (2sinx cos z)?.

For part (a), notice that

6i(s—l—t) _ 6—i(s+t) 6iseit _ 6—ise—it
sin(s +1t) = , = .
( ) 21 21
On the other hand,
6@'5 _ 6—is 6it + 6—it 6@'5 + 6—is 6it _ 6—it
sinscost + cosssint = : . : :
21 2 2 21
6zsezt + 6zse—zt _ 6—zsezt _ 6—zse—zt
43
6zs€zt _ 6zse—zt + 6—zsezt _ 6_2'86—115
+ .
43
6zsezt _ 6—zse—zt

21
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In conclusion,
sin(s +t) = sinx cost + cosssint.

Part (b) is proved similarly.

For (c), we calculate

2 . 2 6ZS_|_6 18 6ZS_6 18
cos“s —sin“s = — | - —
2 21

62@'3 + 2 + 6—2@'3 62@'3 -9 + 6—2@'3

4 —4
B 62@'3 + 6—2@'3
B 2
= cos2s.
Part (d) is proved similarly.
To prove part (e), we note that
' ( ) 6i(—s) _ 6@'(——3) els _ o—is '
sin(—s) = = — = —sins.
27 27

Part (f) is proved similarly.
Part (g) is proved by direct differentiation.

9.4 Logarithms and Powers of Real Numbers

1. One could do this problem by applying Stirling’s formula to j!. A more
elementary argument is this:

Notice that

=2 G2) G2/ 2 =) 32
j/2 times
Hence
jj/z < 2172 < 9. 2 . 2 111> 0
gt 221 3-2-17 [3/2] [j/2] -1

as j — o0.
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. A polynomial of degree k differentiates to 0 after k + 1 differentiations.

By contrast, all the derivatives of logz are nonvanishing.

The logarithm function grows more slowly than any nonconstant
polynomial.

The logarithm function only has one zero, but it is not a degree-one
polynomial.

The logarithm function does not have the entire real line as its
domain.

. It is convenient to use the notation exp to denote the exponential func-

tion. We know that
1 1

) = —— — —.
(Inz) exp/(Inz) =z

That is part (a).

It follows from part (a) that the logarithm function is strictly in-
creasing.

We know that € = 1 hence In1 = 0.
We know that e! = e hence Ine = 1.

The graph of y = e* is asymptotic to the negative real axis, so part
(e) follows.

We know that

6lns—l—lnt — 6lns X 6lnt =g-1.

Taking logarithms of both sides gives
Ins+Int =In(s-1).

We see that
Int+1n(l/t) =In(t-1/t) =In1 =0
hence
In(1/t) = —Int.
Therefore

In(s/t) =In(s-(1/t)) =Ins+1n(l/t) =Ins —Int.
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Differential Equations

10.1 Picard’s Existence and Uniqueness The-
orem

1. Note that xo = 0 and yo = 1. We follow Picard’s technique to calculate
that

T 2
yi(x) = 1+/ 1+tdt:1+x—|—%,
0

T t2 x3
yo(z) = 1+/ 1+t—|—5+1dt:1+x—l—x2+—,
0

6

T ) t3 ) l.3 ZE'4
ys(x) = 1+ 1+t+t°+ - +tdt=1+2+2"+ — + —,

0 6 3 24

T t3 t4 .1'3 .1'4 .1'5

r) = 1 l+t+P+ -+ —+tdt=1+a+2°+ =+ "=+ -—.
ya(z) +/0 FEH o ot A e T
A pattern emerges. It is clear that these Picard iterates are converging
to
1 222 223 22° _ 1 5 (1 2 23 a2t _ 4 9t
—|—{L’—|—T+?+I+"'———{L’+ —|—{L’§—|—§+E+'“ = —1l—2x+2e".

So we have found the solution y = —1 — z + 2¢” to our initial value
problem.
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3. With
2
y=¢§ln<l+x2>+c,
we find that
dy 1 /2 29
< = Z.( 21 4o a9
dr 2 (3 n(l+a7) + ) 3 1+a2 "
2x (2 12
— Z1n(1 + 22 .
3+ 322 (3 a( +I)+C)
On the other hand,
2x B 2x
3y +322y (34 322y
2 2 12
= — = _(Zml+)+C .
(3+ 322) (3 a(l +27) + )

So the differential equation is satisfied.

For the initial value problem, we solve

/2

so C' = 4. Thus the particular solution is

2
y:\/gln(1+:€2)—|—4.

5. On the interval [—1,1] the exponential function is bounded and has
bounded derivative. So the Picard iteration technique applies and the
problem has a solution.

7. If we are given an nth order, linear ordinary differential equation of the
form

any™ + an 1y + -+ agy” + a1y + aoy = g(x) |
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then this is equivalent to the first order, linear system

?A = Y2
yé = U3
yé = Y4
Y1 = Un
ao ay as Ap—1 glx
P A P PR LS P 12
an, an, an, (079 an

We can think of this system as

(y1>y27 o ,yn)/ = F($>y1>y2> o 7?/”)
or, in abbreviated form,

Y = f(z,Y).

We impose the usual conditions on F. Then one sees that, if
we accept the idea of integration of vector-valued functions, both the
statement and proof of the Picard Theorem go through just as in the
classical setting. So we can solve vector-valued ordinary differential
equations of first order. Which in turn means that we can solve nth
order, linear equations.

. Clearly the usual conditions that F' be bounded and VF' be bounded

will do the trick.

11. (a) The equations F(z,y) = (—y, ) and ~/(t) = F(y(t)) translate to

M (1), 7%(1)) = (=(t), (1)) .

Thus

M(t) = —7(t)
and

Ya(t) = 7(t).

Differentiating the first of these equations gives

N(t) = —%t) = —m()
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or
() +7(t) =0.
This is a familiar equation whose solution set is

v (t) = Acost + Bsint.
Alternatively, we could differentiate the second equation to obtain

Y (t) =) = —n().
This becomes
V5 () +72(t) = 0.
It is convenient for us to write the general solution of this equation

as
Y2(t) = —Bcost + Asint.

In summary, the curves
v(t) = (Acost + Bsint, —Bcost 4+ Asint)

satisfy
Yt =F((t)).
So these are the integral curves.

The equation

leads to
(m(t),75(t) = (7(t) + 1, 7%2(t) — 2).
Therefore
Yi(t) =m(t) +1
and

Y(t) = 72 (t) — 2.
These two equations are easily solved to yield
1(t)=—1+Cé

and
Yo(t) =2+ Ce'.

Thus the integral curves are

Y(t) = (=14 Ce', 2+ Ce').
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10.2 Power Series Methods

1. The main point is that the coefficient |z| is not real analytic so we
cannot expect a real analytic solution.

3. Guess a solution of the form y = Z;io a;jz?. Plugging this into the
differential equation yields

o

[e.e]
S RS
E ja;x E a;x’" = .

J=1 J=0

Adjusting the index of summation in both sums gives

[e.e]
E (j+ Dajz’ — E aj 177 = .
j=0 J=1

With a little manipulation this becomes

Z {(] + Dajy — aj_1:| ¥=x—a.
j=1
Now let ag = C'. From the above we read off that
ag=C,
ap =0,
2a9 — ag =1 so that agz%,
3az3 —a; =0 so that a3 =0,
C+1
4ay — ay = 0 so that a4:ﬂ,
Sas — a3 =0 so that as =0,
6ag — as = 0 so that aﬁz%.

The initial condition tells us that C' = 2. So we conclude that

. B I o W B W
y = 1 2 "o\ 31\ 2

— 14372,
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5. The Method of Power Series: We guess a solution of the form
Yy = Z;io ajx?. Plugging this guess into the differential equation yields

(e} e e}
E jaal~t — E a;x’ = .
j=1 7=0

Adjusting the index in the first series yields
Z(j + a2’ — Zajzcj =2x.
=0 =0

A little manipulation now yields

Z{(] + 1)aj —aj]:cj =z.
5=0
Now we may calculate the coefficients:
GQZC,
a1 —ag =0 sothat a1 =a9=C,
1 C+1
2a9 — a; = 1 so that a2:a1+ = - ,
2 2!
a9 C—l—l
3as — as = 0 so that ag—g— T
as C—l—l
dag— a3 =0 sothat ay = — = ,
ay as SO atl Qg 4 Al
The pattern is now clear. We see that
C+1 C+1
y = C+Cx+ il :E2+; S
2! 3!
r x> 2 2t
— (—1—x)+(0+1)-(1+ﬂ+5+§+5+---)

= —1l—a+(C+1)e".
Taking the initial condition into account, we find that our solution is

y=—1—x+2e".
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Picard’s Method: We write

0

2

T
e 1 B
+ot S

T t2
y2:1+/1+t+5Hﬁ
0

3

= 1+:B+932+%

T t3
y3:1+/1+Hﬁ+E+Mt
0
3 1.4

T
= 1 24
+:B+:B+3+24

T t3 t4
y4:1+/1+Hﬁ+—+—+Mt
0

3 24
= 1+$+$2+$_3+I_4+I_5
3 12 120

The pattern is now clear, and we see that the solution generated by
Picard is

2 3 4
Ty ? ):—1—$—|—2em.

R T e e

y:_1_$+2(1+1! STRMETIRT

We see that the solutions generated by the two methods coincide.

o)

7. We guess a solution of the form y = Zj o @;27. Substituting this into
the differential equation yields

Zj(j — Daa’ ™ — Zaj:vj =27,
j=2 Jj=0
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Adjusting the index of summation in the first sum gives

Z(] + 2)(] + 1)aj+255j — Z ajl’j = 1'2
Jj=0 j=0
or N
=0
Now we may calculate the coefficients of the power series. We see that
ag = C,
a)p = D s
ao C
a agp so that aq 5 5
aq D
az — ay so that as 5 G
1+ ao C+2
12a4 —ap; =1 that = =
ag — az so that ay 3 TR
D
20as — a3z =0 so that a5 = a4 _ —,
20 120
ag  C+2
30as —as = 0 so that =—=—".
6 e =T S0 TR A6 = 50 T a0

We see that, if D = 0, then we get a power series solution with only
even exponents.

. We could use power series methods, but we have also learned that
separation of variables is a useful technique. We rewrite the equation
as

1d
——yd:v = xdr.
ydx
Integrating both sides gives
2
x
Iny=—+2C.
ny 7 +
Exponentiating yields ,
y = €C et /2

as the general solution.
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e}

11. We guess a solution of the form y = Zj o @27, Substituting this guess
into the differential equation yields

Zj(j — a;z™2 + Z4aj:£j =0.
=2 =0
Adjusting the index of summation in the first sum gives

(G +2)(5 + ajpo2? + Z4aj:£j = .

WE

=0 =0
Some manipulation now gives
> {(j +2)(J + Dajsz + 4%’] @l =0.
=0

This yields the simple relation
(J+2)( + Va2 +4a; =0

for all 7.
Setting ap = C' and a; = D we now calculate that

4 —4C

2as + 4ag = 0 so that ay = _ 2o _ -
2 2

2 2D
6as +4a; =0 so that as = —sm=—3

—4a 4C
12a4 + 4a2 = 0 so that a4 = 122 =<

—as 2D

20 4az =0 that = — = —.
as + 4as so that as 5 5

We find then that

D (2:5— 2 | (22 _ +)

2 3! 5!
= C'cos2x + (D/2)sin 2z .
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Chapter 11

Introduction to Harmonic
Analysis

11.1 The Idea of Harmonic Analysis

1. We know that
1 + cos 2z

cos’ x =
2

Therefore
cos’d = (cos?0)?

B 1+ cos20\>
N 2

1 + 2cos 20 + cos? 20

4
1+ 2c0s20 + (1 + cos40)/2
B 4
1 cos20 1 cos4d

4+ 2 +8+ 8
3 1 1

= §+§C0829—|—§COS49
3 1

, , 1 , ,
. _(619_|_6—19) + —(64Z9—|—6_4Z9).

16

oo
W

This is the Fourier expansion for cos? 6.

83
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11.2 The Elements of Fourier Series

1.
A I 1 [% 1 1
0) =— dex = — ldr = — - —=-
1(0) 27r/_7rf(x)x o)y T2
and for n # 0, then
fo) = o= [ faea
n) = 5o B x)e x
1 [2 .
= — e "dx
2m J,
- b
-~ 2rmin ‘
For n > 0, n € Z, we have that
e e - 2rwin c c 2min ¢ ¢
_ 1 [ inx e~ine 4 m(%—m) _6m(m—g):|
2min
3 onGe) —sin (n (== )
= — [sin — sin - —
— |sin(nz) —sin {n {2 — 5
= [sin(nz) — sin(nz) cos (Tn) +sin (Tn) cos(na)
= — |sin(nz) —sin(nz)cos | on ) +sin { 5 ) cos(na
1 ~
= _(1 — cos (gn)) sin(nz) + sin (gn) cos(nx)}

So the Fourier Series for f(x) is:

1 1<X1 T _ 1<x1 /7
5 (o (5)) ) 13 L () oo

n=1 n=1
1 11 I 1
= 3 + - ; - (1 — cos (gn)) sin(nz) + - ; o — 1 (—1)™*! cos(na)

3. (a) f(x)=m isits own Fourier Series.
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(b) .

—e
21

f(z) =sinzx = e

(c) | |
6Z.’E _l_ 6—1(2

f(z) =cosx = 5

(d)
f(x) = m+sinz+cosz
6im _ 6—im 6im + 6—im
2

= 7+ 2% +

- Tt a7Ty)¢ 2792 )°

1 N
= 5(1 +i)e ™ + 71+

5. The Fourier series of an even real-valued function, say f(z), involves
only cosines. So the Fourier series for such a function has the form

% + ; a, cos(nz).

Also, for m,n € 7Z,
1 27
o i cos(mz) cos(nz)dx = dn

where

5= 1, m=n
"l 0, m#EN

is the Kronecker delta. Therefore, since

2
ar = %/0 f(z) cos(nx)dx

the identities are the Fourier series for the functions sin® z and cos? z.
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7. Set

Then

telescopes so that

INTRODUCTION TO HARMONIC ANALYSIS

(e —1)- Dy(t)

(6it _ 1) . DN(t) _ 6i(N—l—l)t . 6—iNt ]

Multiplying both sides by e

—it/2 yields

(6it/2 _ 6—it/2) . DN(t) _ 6z'(N—|—1/2)t . 6—i(N+1/2)t )

Now divide out the factor on the left to obtain that

Dy(t) =

(6i(N+1/2)t _ 6—i(N+1/2)t)/(2z~)

_ sin(IV + 1/2)t

(6it/2 _ 6—it/2)/(22')

sin(1/2)t

9. If we let Ky denote the kernel of oy, then we find that

KN([L’)

1
N1 > Dif(x)

j=0
N sin [j + %} T

1
N1

=0
1 i cos jx — cos(j + 1)z
N +1 = 2 sin? 5

)
Slng

(since sinasinb = $[cos(a—b)—cos(a+b)]). Of course the sum collapses

and we find that
KN ([L’)

1 1—cos(N+1)x

N+1 2sin? %

11— [cos?(FNT) — gin?((EL2))
N+1 2sin? %

1 2 sinz(—(N;’l)m)
N+1 2sin’zZ

2

2
1 sin(AE0T)
N+1 sin% ’
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11. We see that

1 2T 1 2T
— [ Ky®|dt = — | Ky(t)dt
2 Jo 2 Jo
T R
= — —_— D;(t)dt
27 Jo N+1;0 (1)
N 2T
1 1
= — — D;(t)dt
N—l—lj;%r/o (1)
1
= ———(N+1)=1
N+1( +1)

11.3 An Introduction to the Fourier Trans-
form

1. We have

(—z)°sin(—z) = z°sinz so this function is even;

(—2)*sin2(—x) = —2*sin 2z so this function is odd;
e ®#e® and e ® # —e® so this function is neither even nor odd;

sin((—x)*) = —sinz®

so this function is odd;
sin(—x)? = sinz? so this function is even;
cos(—z + (—)?) = cos(—x + 2%) # cos(x + %)
and cos(—z + (—x)?) = cos(—x + 2?) # — cos(z + %)
so this function is neither even nor odd;
(—2)+(=2)*+(—2)’ # e+’ +a® and (—x)+(—2)*+(—2)’ # —(v+2°+2°)
so this function is neither even nor odd;

1—=x 14+
n =—1In
1+ 1—=x

| so this function is odd .
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3. We calculate that

)

© = / et

o)
1

= te' dt

0
1 1
t zt§ _/ 1 zt§ dt
0 25

Zf

_ lz’&_( 1 zt&)l
TN IR
1. 1,

5. Now
O = [ e = [ [ ja— gty e

But by Tonelli’s Theorem and a change of variable,

[ 1= llswlaste = [ lotw) [ 15~ )l dsay
(/R |g(y)|dy) (/le(z)|dz) < 00

since f and g are integrable. Therefore, we can interchange the order
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of integration by Fubini’s Theorem, to obtain:

0O = [ [ 1= gty i

= [ [t =g gy oy
R JR

= [atwe ™ [ fla =y oy
R R

gly)e e / f(2)e ™ dzdy
R

I
T

= | gly)e ™V (€)dy

(£)g(6)

=

I
~»

9. Certainly we see that e /2 is an eigenfunction of the Fourier transform

with eigenvalue v/27. If we let F denote the Fourier transform, then
F* = 47?7, where T is the identity operator. So in fact there are four
eigenvalues and four eigenfunctions.

11.4 Fourier Methods and Differential Equa-
tions

1. (a) As in the text, only the case A > 0 is of interest. Since y(0) = 0,
we conclude that

y(z) = AsinVz.

Now, because y(7/2) = 0, we see that sinv/Ar/2 = 0. As a
result,

VAT /2 = nr

for some positive integer n so that
A\ =4n?.
The eigenfunctions are then

Yn(x) = Asin2nz.
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(c) As in the text, only the case A > 0 is of interest. Since y(0) = 0,
we conclude that

y(z) = Asin vz .

Now, because y(1) = 0, we see that sin v/A-1 = 0. As a result,
VA-1l=nr
for some positive integer n so that
A =n’n?.
The eigenfunctions are then
Yn(x) = Asinnrz.

(d) Asin the text, only the case A > 0 is of interest. Since y(0) = 0,
we conclude that

y(z) = Asin vz .
Now, because y(L) = 0, we see that sinv/\- L = 0. As a result,

VAL =nn
for some positive integer n so that

A =n’r?/L%.
The eigenfunctions are then

Yn(x) = Asin(nm/L)x .

3. (b) Setting ¢t = 0, we see that the b; are the coefficients for the sine
series of f(x) = (1/m)x(m — x). Thus

2 1

™ 2 2 [T .
bj = —/ —z(r—x)sinjrdr = —/a:sinja: d:E——/ x?sin jz dr
T )y T T Jx 7 Jo

4 j
— 27 -1+ (—1)].
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11.5 The Heat Equation

1. The Fourier series solution to a®wg,(z,t) = w(x,t) satisfying the
boundary conditions w(0,t) = w(m,t) = 0is W (z,t) = 372, bje~7" %t sin jx.
This can be seen by substituting w(z,t) = wu(x)v(t) and separating
variables. An easier way is to make the change of variables 7 = a?t in
the heat equation to obtain wy,(x,7) = w,(x,7) having the solution
W(z,7) =372, b;e~°Tsin jx obtained in the text, and then express
the solution in terms of ¢.

Now let w(z,t) = W(z,t) + g(x), where g(z) = w;y + £(ws — wy)z.
By the superposition principal, w is also a solution to the heat equa-
tion and, since W (0,t) = W(m,t) = 0, w(x,t) satisfies the boundary
conditions w(0,t) = g(0) = wy, w(w,t) = g(w) = wo.

The initial temperature distribution, w(x,0) = f(z), determines the
values of the coeflicients b; as follows. Since f(x) = Z;; bjsin jx +
g(z) the coefficients must be chosen so that > 7%, b;sinjr = f(x) —
g(z). Consequently, b; = 2 [*(f(x) — g(x)) sin jzdz, and the solution
is w(x,t) =372, bie "t sin jx 4 g(z).

3. We seek separated solutions to the heat equation: a?w,, = wy, sat-
isfying the boundary conditions w,(0,t) = 0 = w,(m,t). Substitute

w(z,t) = a(z)B(t) to get a’a”’B = af’ or %/ = aﬁz_g Thus there
is a constant K such that %/ = K = % That is, o/ = Ka and

B = Ka2(, so 3(t) = CeXe’t. Since the temperature is not expected to
grow exponentially with time we assume K < 0 so a(x) = siny—Kz
or a(x) = cosvV—Kz or a(x) = C, a constant. The last possibility
corresponds to K = 0.

The boundary conditions require o/(0) = 0 = /(7). Conse-
quently «a(z) = C, a constant, or a(x) = cosv/—Kx with K cho-
sen so that o/(0) = —vKsiny/—Kn = 0. Therefore, the eigen-
values are K = —n?n = 0,1,2,---. The separated solutions are
w(z,t) = e ™%t cosnz. Therefore, the series solution is w(z,t) =
L4+ aje 7%t cos jo where the coefficients a; satisfy w(z,0) =

Q0+ Z‘;‘;l ajcos jr = f(x). That is, a; = %fow f(z) cos jrdz.

9. Let the circle C' be centered at (zg,yo) (Cartesian coordinates) with
radius R. The function u(z,y) = w(xg + z,yo + y) is harmonic on
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the disk centered at the origin of radius R. According to the Poisson
integral formula for this disk (Exercise 8), u’s value at the center of the
disk: (0,0), (polar coordinates) is given by u(0,6) = % " u(R, $)do.
In terms of the original function w this formula can be expressed in the
following form.

1

w(wo, yo) = R

/ mw(xg + Rcos ¢, yo + Rsin ) Rdo.
—pi
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Chapter 12

Functions of Several Variables

12.1 A New Look at the Basic Concepts of
Analysis

1. Let s,t,u € R*. Assume that these three points are colinear. By
rotating and translating the line in space, we may as well suppose that
the three points lie on the positive real axis.

Then the classical Triangle Inequality tells us that

s—tl=[(s-w)+(u—-t) <|s—ul+u—t][=s—uf+[u—-t].

Now suppose that s, t, u are in general position—mnot colinear. Imag-
ine that the points are as shown in Figure 12.1.

U
)

0 ¢ —0
S u t
Figure 12.1: The triangle inequality.
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Project the point u to a point u on the line through s and t. Then we
know, by the result of the first paragraph, that

s = tll < lls —ul| + [[a —t]}.

But this in turn is
<|s—ufl + [lu—t].

. Just as an instance, let us prove that

lim [£(x) + ()] = liny £(30) + lim g(x).
Let € > 0. Choose §; > 0 so that, when ||x — P|| < §;, then |f(x) —
f(P)| < €/2. Likewise, choose d2 > 0 so that, when [|[x — P|| < d2, then
lg(x) — g(P)| < €/2. Let 6 = min{dy,d2}. Then, for ||x — P|| < J, we
have

1£6)+9G] = [F (P)+9(P)]| < | ()= F(P) [ +lg(x)=g(P)| < 5+5 = €.

That establishes the result.

. We say that f;(x) — f(x) uniformly if, given € > 0, there is a J so

large that, when j > J, then

[fi(x) = f(x)| <e

for all z. Now let us prove that, if the f; are continuous on R¥, then
so is f.

Let P € R¥ and € > 0. Choose J so large that, if j > .J, then
|fj(x) — f(x)| < ¢/3 for all x. Choose § > 0 so that, if |x — P| < 4,
then |f;(x) — f;(P)| < €/3. Then, for such =z,

[f(x) = fP) < [f(x) = f5()[+[f5(x) = f2(P)| + [f,(P) — f(P)]
< sHgt3

So f is continuous at P.
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7. We treat the maximum. The minimum is handled similarly.

Let E be compact and let f be a continuous function on E. Let
M = sup{f(z) : x € E}. Then there is a sequence z; € E such that
f(x;) — M. By compactness, there is a subsequence {z;,} so that
xj, — To € E. But then, by continuity, f(z; ) — f(zo) = M. So f
assumes its maximum value at zy € E.

9. For j, k integers, let

B ={(e) € o=+ (-1 < 3}

S = U Eij .

(J,k)EZXTZ

Define

Then each F;j is a connected component of S. There are infinitely
many of them.

11. We see that
sl =[I(=t) + (s +t)[| < || =t + [I[s +t]| = [[t]| + [Is + ¢]|.

Therefore
[sl| = lIt] < [Is +t]|.

12.2 Properties of the Derivative

1. The sum rule says that
100+ g<x>]/ P+ ().
The product rule says that
10900 = 769060+ 1))

The quotient rule says that

E@g]’ 90 F6) — %) - g ()
provided that g does not vanish.
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3. We say that f has a second derivative if its first derivative is differen-

tiable, that is
P — Mp(f)

possesses the first derivative. That is, we require
Mpn(f) = Mp(f) + Le((M(f))h+ Rp(M(f)),h).

Here Lp(M(f)) is a linear map from R* to R*. Notice that, if we write
e; =(0,...,1,...,0), then

Mpiye;(f) — Mp(f) = kLp(M(f))e; + Rp
= kLp(M(f)); + Rp,

where Lp(M(f)); is the j column of that matrix. Dividing both sides
by k and letting k& — 0 we find that

o of o of
(2L L)) = Loar(h),

Thus,

v = (25 @)

ij=1

the Hessian matrix of all second partial derivatives.

. Suppose f(x) = (f1(x),..., fn(x)) is differentiable at a point P. Then

for each j
fi(P+h)=f;(P)+M;(f) -h+ Rse(f h)
with R h
lim PR
h—o0  [hf
Thus

f(P+h) = “(A(P),.... fu(P))
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13.

where

i IRECER) o Ryp (£, )

h-0  [/hl] I ]|
= 0

and Mp is an n X m matrix. The converse is obvious.

. If My is the zero matrix for every t € B(P,r), then every partial

derivative is equal to 0. If t is an arbitrary point of the ball, then

F(t) — £0) = / kg—ti(u,tz,ts,...,tk_l,s> s
0

tk—1 o
—l—/ f (tl,tg,tg,...,tk_g,s,()) ds
0 atk—l

t1 af‘
+---+ i atl(s,0,0, ,0)ds

Since the partial derivatives are all 0, each of the integrals on the right
is equal to 0. Hence f(t) = f(0) for any t in the ball. In other words,
f is constant.

Write
f(x) = (fi(x), f2(x), ..., fn(x)) -

The rows of the new matrix Mp are simply the derivatives, as defined
in the text, of the functions f;, j =1,2,...,m.

It is enough to show that if f : [0,1] — R? is continuous and is dif-
ferentiable on (0, 1) then it does not necessarily follow that there is a
¢ € (0,1) such that

ey S(1) = f(0)
£le) = ==

As an example, we take f(t) = (£*+t,t*—¢*). Then f(1)— f(0)—(2,0)
and f'(t) = (2t + 1,2t — 3t?). Clearly there is no value of ¢ in (0, 1) such
that (2t + 1,2t — 3t%) = (2,0).
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12.3 The Inverse and Implicit Function The-
orems

1. The image of an open set under a homeomorphism is open.

3. If P=(z,0(x)) €U, then v = (—¢'(x),1) is a normal vector to U at
P. Consider the mapping

T (2,1) — (z,0(2)) + 1{=¢'(x),1) = (z — t¢'(x), p(z) + 1)

for z in the domain of ¢ and ¢ small. We see that we are mapping each
point P to a point t units along the normal from P.

We calculate the Jacobian matrix determinant of 7" at a point (z,?):

L= t"(@) @@ _ (o 4 (o)
der (12N E ) -t +

Plainly, if ¢ is small, then this Jacobian determinant is positive. So the
inverse function theorem applies and we see that we can recover from
each point ) near U a pair (x,t). That means that P = (z, p(z)) is
the nearest point in U to ) and t is the distance of ) to P.

5. If the logarithm function had two zeros then it would have a local
maximum. And the Implicit Function Theorem does not apply in a
neightborhood of such a maximum. But in fact the derivative of the
logarithm function is always positive, so this situation does not occur.

7. Consider the mapping F : R? — R? given by F(z,y) = (z,y?). This
mapping is certainly invertible, but its Jacobian determinant at the
origin is 0.

9. Let p(x) be a polynomial of degree at least 1 in one real variable. Define
G(z,y) =y —plz).

At the point (x,0) we may calculate the partial derivative of G in z.
For most = this will not be zero. So we can solve for z in terms of y.
At y = 0 this gives a root of the polynomial.



